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Optimized Design of an
Instrumented Spatial Linkage
that Minimizes Errors in Locating
the Rotational Axes of the
Tibiofemoral Joint: A
Computational Analysis
An accurate method to locate of the flexion-extension (F-E) axis and longitudinal rotation
(LR) axis of the tibiofemoral joint is required to accurately characterize tibiofemoral
kinematics. A method was recently developed to locate these axes using an instrumented
spatial linkage (ISL) (2012, “On the Estimate of the Two Dominant Axes of the Knee
Using an Instrumented Spatial Linkage,” J. Appl. Biomech., 28(2), pp. 200–209). How-
ever, a more comprehensive error analysis is needed to optimize the design and charac-
terize the limitations of the device before using it experimentally. To better understand
the errors in the use of an ISL in finding the F-E and LR axes, our objectives were to (1)
develop a method to computationally determine the orientation and position errors in
locating the F-E and LR axes due to transducer nonlinearity and hysteresis, ISL size and
attachment position, and the pattern of applied tibiofemoral motion, (2) determine the
optimal size and attachment position of an ISL to minimize these errors, (3) determine the
best pattern of pattern of applied motion to minimize these errors, and (4) examine
the sensitivity of the errors to range of flexion and internal-external (I-E) rotation. A
mathematical model was created that consisted of a virtual “elbow-type” ISL that meas-
ured motion across a virtual tibiofemoral joint. Two orientation and two position errors
were computed for each axis by simulating the axis-finding method for 200 iterations
while adding transducer errors to the revolute joints of the virtual ISL. The ISL size and
position that minimized these errors were determined from 1080 different combinations.
The errors in locating the axes using the optimal ISL were calculated for each of three
patterns of motion applied to the tibiofemoral joint, consisting of a sequential pattern of
discrete tibiofemoral positions, a random pattern of discrete tibiofemoral positions, and
a sequential pattern of continuous tibiofemoral positions. Finally, errors as a function of
range of flexion and I-E rotation were determined using the optimal pattern of applied
motion. An ISL that was attached to the anterior aspect of the knee with 300-mm link
lengths had the lowest maximum error without colliding with the anatomy of the joint. A
sequential pattern of discrete tibiofemoral positions limited the largest orientation or
position error without displaying large bias error. Finally, the minimum range of applied
motion that ensured all errors were below 1 deg or 1 mm was 30 deg flexion with 615
deg I-E rotation. Thus a method for comprehensive analysis of error when using this
axis-finding method has been established, and was used to determine the optimal ISL and
range of applied motion; this method of analysis could be used to determine the errors
for any ISL size and position, any applied motion, and potentially any anatomical joint.
[DOI: 10.1115/1.4023135]

1 Introduction

Characterizing kinematics of the tibiofemoral joint requires
accurately locating the axes of motion. It is generally accepted
that rotation of the tibiofemoral joint involves motions about two
axes: the flexion-extension (F-E) axis and longitudinal rotation

(LR) axis [1]. The primary axis, the F-E axis about which flexion-
extension of the tibia relative to the femur occurs, is fixed in the
femur and is approximately parallel to the posterior and distal
femoral condyles [1,2]. The secondary axis, the LR axis about
which internal-external (I-E) rotation of the tibia relative the
femur occurs, is fixed in the tibia approximately perpendicular to
the F-E axis [1,3]. At any flexion angle and without external
loads applied to the tibiofemoral joint, the relative positions of
the femur and tibia are fully described by these two kinematic
axes [1,3]. Incorrectly locating these axes can result in
inaccurate measures of flexion angle and amount of rotation [4]
and introduce erroneous coupled motions during measurement of
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screw-home motion and during gait analysis [5,6]. Approxima-
tions of the F-E axis are commonly used to determine prosthesis
placement in total knee arthroplasty (TKA) [7–10]; incorrectly
locating the F-E axis can result in incorrect placement of the
prostheses [2,11]. In addition, the design of the TKA prostheses
can affect the location of the kinematic axes and thus affect
tibiofemoral kinematics [12]. Therefore when locating the F-E
and LR axes, an accurate and precise axis-finding method is
required.

Several previous methods have been developed for determining
the F-E and LR axes, but each has limitations. A mechanical axis
finder used by Hollister et al. [1] determined the axis of rotation
of a hinge joint using subjective visual alignment which resulted
in relatively high orientation and position errors of 1.5 deg and
1 mm. The compound hinge method, a mathematical calculation
of two fixed axes of rotation, was described by Churchill et al. [7];
however, accuracy was not defined, and the mathematical descrip-
tion is too vague to reproduce the method. More recently, Roland
et al. [13,14] developed the Virtual Axis Finder using mathemati-
cal optimization in conjunction with either video-based motion
analysis or roentgen stereophotogrammetric analysis (RSA).
Using video-based motion analysis, this method achieved root
mean squared errors (RMSE) of 0.26 deg and 0.28 mm when
locating the LR axis and 0.36 deg and 0.25 mm when locating the
F-E axis. However, the motion analysis equipment requires con-
stant line-of-sight and is expensive, and the less-accurate RSA
requires a radiolucent test fixture.

An alternative to the methods above is the instrumented
spatial linkage (ISL), which offers the potential to provide a
low-cost, accurate means to locate the F-E and LR axes. The
ISL has been used broadly to measure motion of the tibiofe-
moral joint [15–34], achieving orientation and position RMSEs
as low as 0.83 deg and 0.73 mm [34]. Other studies have used
an ISL to locate the screw axis of an anatomical joint
[15,17,18,35]. Only one study known to the authors has demon-
strated an ISL to locate the F-E and LR axes [36]. Gatti [36]
developed a new mathematical framework to simultaneously
locate the F-E and LR axes with an ISL, thus eliminating the
need to independently locate these axes [1,13,14].

Although the mathematical framework of Gatti’s [36] axis-
finding method using an ISL was thoroughly described, the analy-
sis of errors was limited. In the original validation of this method,
the orientation and position errors in locating the F-E and LR axes
were statistically determined using a simulated ISL and varying
the size of a virtual tibiofemoral joint [36]. However, only
encoder resolution error was examined [36]; additional error sour-
ces include nonlinearity and hysteresis of the ISL revolute joint
transducers and signal noise. Also, only one combination of ISL
size and attachment position was examined, hence limiting the
interpretation of the errors to a particular ISL [36]. Simulating a
range of variables that describe the size and attachment position
of the ISL would determine the best ISL configuration to locate
the F-E and LR axes with minimal errors. Finally, only one pat-
tern of applied motion was examined [36]. Varying the order (i.e.
sequential versus random), resolution, and the range of applied
motion would determine the effectiveness of the axis-finding
method under more general conditions.

The first objective was to develop a method to computationally
determine the bias, precision, and RMSE in locating the F-E
and LR axes due to sources of transducer error for a given
ISL configuration and pattern of applied motion as well as present
this data in the context of anatomically relevant coordinate sys-
tems. The second objective was to define the ISL size and attach-
ment position that locates the F-E and LR axes with minimal
errors using this method. The third objective was to use the ISL
defined in Objective 2 to define the pattern of applied motion to
locate the F-E and LR axes with minimal errors. The final
objective was to determine the sensitivity of the bias errors, preci-
sion errors, and RMSEs to the ranges of applied flexion and I-E
rotation.

2 Methods

2.1 The Virtual Tibiofemoral Joint. A virtual tibiofemoral
joint consisting of two nonintersecting, perpendicular axes [1] was
created to simulate tibiofemoral kinematics. This virtual tibiofe-
moral joint was described by two coordinate systems: the femoral
anatomic coordinate system and the tibial anatomic coordinate sys-
tem (Fig. 1). The tibial anatomic coordinate system was the global
coordinate system, and the origin was denoted by Ta. The axes of
the tibial anatomic coordinate system were defined such that îT was
oriented anteriorly, k̂T was oriented proximally, and ĵT was defined
as the cross-product of the k̂T and îT axes. The femoral anatomic
coordinate system origin, denoted by Fa, was defined at full exten-
sion to lie on the k̂T axis and 20 mm proximal to the origin Ta;
20 mm is the approximate radius of the femoral condyles (rcond)
[37]. The axes of the femoral anatomic coordinate system had the
same orientation at full extension as the axes of the tibial anatomic
coordinate system. A standard F-E axis was established perpendicu-
lar to the sagittal (̂iFk̂F) plane, passing through the origin Fa. A
standard LR axis was established perpendicular to the transverse
(̂iTĵT) plane, passing 2.5 mm anterior to the origin Ta [1].

Two orientations and two positions were used to describe each
of the tibiofemoral axes with reference to the anatomic coordinate
systems. The two orientations of the F-E axis, I-E and varus-
valgus (V-V) rotations, were defined as the projection angles of
the axis on the îFĵF-plane and ĵFk̂F-plane respectively. The two
orientations of the LR axis, V-V and F-E rotations, were defined
as the projection angles of the axis on the ĵTk̂T-plane and the
îTk̂T-plane respectively. The two positions of the F-E axis, the
anterior-posterior (A-P) and proximal-distal (P-D) positions,
were defined as the coordinates where the F-E axis intersects the
îFk̂F-plane in the îF and k̂F directions, respectively. The two
positions of the LR axis, the A-P and medial-lateral (M-L) posi-
tions, were defined as the coordinates where the LR axis intersects
the îTĵT-plane in the îT and ĵT directions, respectively. Thus, eight
dependent variables describe the location of the F-E and LR axes.
Of the eight parameters describing the positions and orientations
of the standard F-E and LR axes relative to the femoral anatomic
and tibial anatomic coordinate systems respectively, only the A-P
position of the LR axis was nonzero.

Simulated tibiofemoral motion was applied via a transformation
matrix from the tibial anatomic coordinate system to the femoral
anatomic coordinate system, defined as TFa=Ta

� �
1
; this transfor-

mation matrix was computed using consecutive transformation
matrix multiplication [38]. Each transformation matrix was either
a simple rotation transformation matrix Rot(a,b) or a simple

Fig. 1 The virtual tibiofemoral joint. The F-E axis was per-
pendicular to the îFk̂F-plane and passed through the origin of
the femoral anatomic coordinate system. The LR axis was per-
pendicular to the îTĵT-plane and passed 2.5 mm anterior to the
origin tibial anatomic coordinate system.
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translation transformation matrix Trans(a,b), where a was either
the axis of rotation or translation respectively and where b was ei-
ther the amount of rotation or translation respectively. With the
tibial anatomic coordinate system as the fixed (or “base”) coordi-
nate system, the first transformation matrix Transðz; rcondÞ repre-
sented the first step in establishing the femoral coordinate system;
this transformation matrix defined the position of the origin of the
femoral coordinate system to be rcond ¼ 20 mm proximal to the
tibial coordinate system. I-E rotation about the LR axis was simu-
lated via a simple rotation transformation matrix about the k̂T-
axis, Rotðz; hI�EÞ; this rotation matrix was pre- and post-
multiplied by the simple translation transformation matrixes
Transðx; 2:5mmÞ and Transðx; �2:5 mmÞ respectively to repre-
sent the 2.5 mm offset of the LR axis from the tibial anatomic
coordinate system. Finally, flexion-extension was simulated via a
simple rotation transformation matrix about the ĵF-axis,
Rotðy;�hFÞ; flexion corresponded to a negative rotation about
this axis. Thus the overall transformation matrix between the tibial
anatomic coordinate system and the femoral coordinate system at
any flexion angle hF and I-E rotation angle hI�E was:

TFa=Ta

� �
1
¼Transðz;rcondÞ �Transðx;2:5 mmÞ �Rotðz;hI�EÞ
�Transðx; �2:5 mmÞ �Rotðy;�hFÞ (1)

The pattern of applied motion consisted of a set of flexion and I-E
rotation angles defined by several independent variables. Two inde-
pendent variables were the maximum flexion angle measured
from full extension and the maximum range of I-E rotation.
The remaining independent variables depended on the category
of motion, either “random discrete,” “sequential discrete,” or
“sequential continuous.” In “random discrete” motion, each set of
flexion and I-E rotation angles was determined randomly with the
number of sampling locations as the independent variable. In
“sequential discrete” and “sequential continuous” motions, each set
of flexion and I-E rotation angles was predetermined. Both
“sequential” motions were characterized by I-E rotation cycles
throughout flexion; each cycle consisted of I-E rotation from 0 deg to
the internal rotation limit, followed by rotation from the minimum
angle to the external rotation limit, followed by rotation back to
0 deg. In “sequential discrete” motion, these I-E rotation cycles were
applied with flexion held constant at discrete angles. In “sequential
continuous” motion, these I-E rotation cycles were applied during
continuously applied flexion. The number of I-E rotation cycles was
an independent variable for both “sequential discrete” and
“sequential continuous” motions. The final independent variable for
“sequential discrete” and “sequential continuous” motions was the I-
E rotation resolution (i.e. the I-E rotation angle between each
simulated tibiofemoral position), which was 5 deg for “sequential
discrete” motion and 0.5 deg for “sequential continuous” motion.

2.2 The Virtual ISL. A virtual ISL was created to measure
motions across the virtual tibiofemoral joint. The ISL was
described by Denavit–Hartenberg parameter notation [39], and
was a standard “elbow-type” linkage, which had a “wrist” consist-

ing three intersecting revolute joints axes, an “elbow” consisting
of one revolute joint, and a “shoulder” consisting of two
intersecting revolute joint axes [40]. An “elbow-type” linkage was
chosen because this type of linkage both maximizes the reachable
volume of a linkage (i.e., workspace) relative to the size of the
linkage, and is able to reach all orientations and positions in that
workspace [40]. For an “elbow-type” ISL, all Denavit–Hartenberg
twist angles were either 0 deg or 90 deg, and for each link either
the length was zero, the joint offset was zero, or both were zero
[40]. The revolute joint axis of each link was k̂. The transforma-
tion matrix from the coordinate system of link 1 to the coordinate
system of link 7 was defined as T½ �ISL.

Three independent variables were created to describe the
Denavit–Hartenberg parameters (i.e., the size) of the ISL
(Table 1). The first independent variable was categorical and
defined whether the ISL “wrist” was attached to the tibia or the fe-
mur; the Denavit–Hartenberg parameters were different depend-
ing on whether the “wrist” was attached to the tibia or the femur
(Fig. 2, Table 1). The second independent variable, l, was defined
as either the length of link 3 and the joint offset of link 4 if the
“wrist” was attached to the tibia, or the length of link 2 and the
joint offset of link 3 if the “wrist” was attached to the femur. The
third independent variable, /, was defined as the angle of the ISL
“elbow” at full extension of the tibiofemoral joint; this angle was
also used to determine the distance between the ISL “wrist” and
“shoulder” at full extension, defined as dws. Thus two of the
Denavit–Hartenberg parameters were defined by the independent
variable l, six of the revolute joint offsets were defined by the
independent variables / and the categorical variable defining
whether the “wrist” was attached to the femur or tibia, and the
remaining twist angles and link lengths were fixed.

Three independent variables were created to describe the
attachment position of the ISL on the virtual tibiofemoral joint by

Table 1 The Denavit-Hartenberg parameters describing the virtual ISL (ak , ak , sk , and the revolute joint offset hk ) for each link k
were a function of the “elbow” angle u at full extension, the link length l , and whether the ISL “wrist” was attached to the femur or
tibia

“Wrist” on Tibia “Wrist” on Femur

Link k ak (deg) ak (mm) sk (mm) hk offset (deg) ak (deg) ak (mm) sk (mm) hk offset (deg)

1 0 0 0 180� /=2 90 0 0 90� /=2
2 90 0 0 270 90 0 l 0
3 90 0 0 90 90 l 0 �/� 90
4 90 l 0 �/� 90 90 0 0 90
5 90 0 l 0 90 0 0 270
6 90 0 0 180� /=2 0 0 0 180� /=2

Fig. 2 The variables describing the size of the virtual ISL,
shown with the coordinate systems of the virtual tibiofemoral
joint at full extension, were the link length l and the “elbow”
angle /. If the ISL “wrist” was attached to tibia, the “elbow” was
the origin of link 4 (e 5 4). If the ISL “wrist” was attached to
femur, the “elbow” was the origin of link 3 (e 5 3).
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defining the positions and orientations of the coordinate
systems of the first and last ISL links. The ISL was defined at full
extension such that the origins of links 1 and 7 (O1 and O7) were a
distance of 0:5 � dws from the origin Fa in the �k̂F and þk̂F direc-
tions, respectively (Fig. 2). To define the positions of the origins
O1 and O7 in the îF and ĵF directions, cylindrical coordinates were
used with a radial distance and an angle about k̂F. The independ-
ent variable b was defined as the angle, projected on the îFĵF-
plane at full extension, between the ĵF axis and a vector from the
origin Fa to the origin O1 (Fig. 3); the origin O7 was positioned
with the same îF and ĵF coordinates at full extension. The inde-
pendent variable d was defined to be the distance, projected on the
îFĵF-plane at full extension, between the origin Fa and the origins
O1 and O7 (Fig. 3). The î1 and î7 axes were defined to point in the
proximal direction at full extension. The orientation of the ĵ1 axis
was defined at full extension by the independent variable c,
defined as the angle, projected on the îFĵF-plane at full extension,
between the ĵ1 axis and a vector from the origin Fa to the origin
O1 (Fig. 3); the ĵ7 axis was oriented in the same direction as the ĵ1

axis at full extension. The k̂1 and k̂7 axes, the revolute axes of
links 1 and 7, were defined by the cross product of the î and ĵ axes
of links 1 and 7, respectively. The coordinate system of ISL link 1
was fixed to the tibial anatomic coordinate system while the coor-
dinate system of ISL link 7 was fixed to the femoral anatomic
coordinate system.

To mathematically describe the relationship between the virtual
tibiofemoral joint and the virtual ISL, the ISL transformation
matrix T½ �ISL was pre- and post-multiplied by two transformation
matrixes (Eq. (2))

TFa=Ta

� �
2
¼ TFa=7

� �
T½ �ISL T1=Ta

� �
(2)

where TFa=Ta

� �
2

is the transformation matrix from the tibial
anatomic coordinate system to the femoral anatomic coordinate
system. The transformation matrix T1=Ta

� �
defined the fixed rela-

tionship from the tibial anatomic coordinate system and link 1 of
the ISL (Eq. (3)). The transformation matrix TFa=7

� �
defined the

fixed relationship from link 7 of the ISL to the femoral anatomic
coordinate system (Eq. (4)). These transformation matrixes were
formulated via consecutive rotation and translation matrix multi-
plication [38] using five of the independent variables of the ISL
(d, b, c, l, and /) and the radius of the femoral condyles, rcond:

T1=Ta

� �
¼ Transðz;�0:5 � dws þ rcondÞ � Rotðy;�90 degÞ
� Rotðx;bÞ � Transðy; dÞ � Rotðx; cÞ (3)

TFa=7

� �
¼ Rotðx;�cÞ � Transðy;�dÞ � Rotðx;�bÞ
� Rotðy; 90 degÞ � Transðz;�0:5 � dwsÞ (4)

Because the virtual ISL was rigidly attached to the virtual
tibiofemoral joint, the transformation matrixes TFa=Ta

� �
1

and
TFa=Ta

� �
2

were equal (Eq. (5)); thus T½ �ISL and therefore the six
revolute joint angles of the ISL were a function of the flexion
angle and I-E rotation angle of the virtual tibiofemoral joint:

TFa=7

� �
T½ �ISL T1=Ta

� �
¼ Transðz; rcondÞ � Transðx; 2:5Þ � Rotðz; hI�EÞ
� Transðx; � 2:5Þ � Rotðy;�hFÞ (5)

2.3 Errors in Locating the F-E and LR Axes. Errors in the
ISL revolute joint transducers were added to the revolute joint
angles throughout simulated tibiofemoral motion. For a given
tibiofemoral motion and ISL size and attachment position, the ISL
revolute joint angles throughout motion were determined by com-
puting the inverse kinematics [38] of the ISL using MATLAB 7.6.0
(The MathWorks, Natik, MA) and a robotics toolbox [41].
Random errors representing the linearity error (i.e. nonlinearity)
in the transducers were added to each set of revolute joint
angles; these random errors had a mean of 0 and a standard
deviation equal to one half the linearity error of the transducer,
or 0.025 deg (DS-25-16, Netzer Precision Motion Sensors Ltd,
D.N. Misgav, Israel). The linearity error was approximated by
plus and minus two standard deviations to provide a conservative
estimate of error in which 95.45% of the random errors are
included.

Nonrandom errors representing hysteresis in the transducers
were added together with the random nonlinearity errors to each
set of revolute joint angles. While mechanical hysteresis of the
encoder was stated by the manufacturer to be nonexistent, an
induced hysteresis error commonly used in encoders to control
signal jitter [42] was simulated to examine possible effects. The
maximum hysteresis was simulated as 60.5 least significant bits;
this corresponded to a maximum hysteresis error of 60.044 deg
for a 12-bit analog-to-digital converter and a rotational range of
360 deg. The simulated hysteresis error was based on the
“ordinary play” model [43], in which the hysteresis error is always
the maximum hysteresis error except when the cumulative change
in rotation after a change in direction has not yet exceeded twice
the maximum hysteresis error. However, due to computational
complexity in conjunction with the minimal hysteresis error
typical of encoders, the maximum hysteresis error was either
added to the nominal revolute joint angles if the difference
between the current and previous revolute joint angle was nega-
tive, or subtracted if the difference was positive.

The orientation and position errors in locating the F-E and LR
axes were determined by calculating new F-E and LR axes; these
new axes were determined using an erroneous set of revolute joint
angles and the axis-finding method described by Gatti [36]. By
subtracting the orientations and positions of the baseline F-E and
LR axes from the orientations and positions of the erroneous axes,
two orientation errors and two position errors were calculated for
each axis. To determine the bias, precision, and RMSE of each of
the eight orientation and position errors, new axes were calculated
for 200 iterations, each time randomizing the nonlinearity errors
(Fig. 4). For “random discrete” motion, the tibiofemoral positions
were also randomized in each iteration.

2.4 Optimizing the Independent Variables. The ISL size,
attachment position, and pattern of applied motion were optimized
by minimizing the RMSE of the eight dependent variables
describing the orientations and positions of the F-E and LR axes.
First, the ISL size and attachment position were optimized fol-
lowed by the pattern of applied motion. Because there were eight
possible RMSEs to minimize, the largest of the eight RMSEs (i.e.
worst-case error) was used to compare each ISL size, attachment

Fig. 3 The variables describing attachment position of the vir-
tual ISL, shown with the femoral anatomic coordinate system of
the virtual tibiofemoral joint, transverse view. The variable b
defined the angular position of the ISL attachment about the
tibiofemoral joint, the variable d defined the distance of the ISL
“wrist” and “shoulder” from the k̂F axis, and the variable c
defined the orientation of the axes of the revolute joints of ISL
links 1 and 6 at full extension.
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position, and pattern of applied motion. Measurement errors of
1 deg and 1 mm were considered clinically important because surgi-
cal errors less than 1 deg and 1 mm are not reliably attained in the
operating room during TKA [44–46]. While some dependent varia-
bles were measured in millimeters and others in degrees, the magni-
tudes of the clinically important orientation and position errors
were the same (1 deg or 1 mm); thus the applied motion and the
ISL size and position that minimized RMSE closest to the clinically
important value, in either millimeters or degrees, were chosen.

The ISL size and attachment position were optimized using the
“sequential discrete” pattern of applied motion; in this pattern of
motion, the resolution between tibiofemoral positions was 5 deg
to simulate recording of ISL kinematic data only at discrete
flexion and I-E rotation angles. The range of flexion was 120 deg
(the approximate limit of passive flexion [47,48]), the I-E rotation
range was 620 deg (the approximate limit of passive I-E rotation
[49]), and the number of I-E rotation cycles was seven. This
pattern of motion was chosen to optimize the ISL because
“sequential continuous” motion was computationally intensive,
and “random discrete” motion would not provide consistent
applied motions across all ISL configurations. While the envelope
of passive I-E rotation changes with flexion angle [49], this was
not simulated due to computational complexity and the variability
of passive envelopes of motion. The six independent variables
describing the size and position of the ISL at full extension were
varied given a set of coarse ranges and increments (Table 2) that
were chosen to minimize computational complexity yet cover a
practical range of possible ISL sizes and attachment positions.
The ISL attachment distance d (Fig. 3) was varied from 150 mm

to 250 mm in increments of 50 mm. The attachment angle of the
ISL about the limb, b, was varied from �90 deg to 90 deg in
45 deg increments, simulating a range of attachment positions
from anterior to medial to posterior. The attachment orientation of
the ISL, c, was varied from �90 deg to 90 deg in 90 deg incre-
ments. The link length, l, (Fig. 2) was varied from 200 mm to
400 mm in 100 mm increments. The ISL “elbow” angle, /, was
varied from 60 deg to 150 deg in 30 deg increments. Finally, the
ISL “wrist” was either attached to the femur or the tibia. Thus
1080 combinations of the independent variables were defined.
The combination of independent variables that minimized the
worst-case error in locating the F-E and LR axes defined the opti-
mized ISL.

Prior to error calculation, the ability of a given ISL to reach all
positions was verified across a range of motion of 0 deg to 130 deg
flexion and 640 deg I-E rotation, greater than the expected range
of motion. Nonconvergence of this verification meant that the ISL
either could not reach the entire range of motion or resulted in a
singular configuration. The larger range of motion was chosen to
ensure that the ISL would reach all necessary positions and orien-
tations on any tibiofemoral joint. In addition, to limit the risk of
an ISL colliding with itself, any ISL configuration that reached an
“elbow” angle of less than 20 deg throughout the larger range of
applied motion was eliminated from the optimization. To check
for possible interferences, a solid model of the best-performing
ISL was then created in PRO/ENGINEER WILDFIRE 5.0 (PTC, Need-
ham, MA); the model was moved through the full range of motion
using the revolute joint angles of the ISL generated in MATLAB and
visually checked for interferences between the ISL and a solid
model of the tibiofemoral joint.

To determine which of the three patterns of applied motion gave
minimal error for the optimized ISL, simulations were performed
for each (Table 3). In all three patterns, the range of flexion was
120 deg and the I-E rotation range was 620 deg. For “sequential
discrete” motion, the resolution of applied sequential motion was 5
deg to simulate recording of ISL kinematic data only at discrete
flexion and I-E rotation angles. For “sequential continuous” motion,
the resolution of applied sequential motion was 0.5 deg to simulate
recording of ISL kinematic data throughout continuously applied
motion. For “sequential discrete” motion, five different sets of I-E
rotation cycles were simulated with 3, 5, 7, 13, and 25 cycles in
each set corresponding to 20, 100, 130, 220, and 400 total tibiofe-
moral positions respectively. For “sequential continuous” motion,
the number of I-E rotation cycles was varied from 1 to 24 in incre-
ments of 1. For “random discrete” applied motion, five sets of ran-
dom tibiofemoral positions were simulated. The number of
positions in each set of “random discrete” motion was equal to the
number of positions in each set of “sequential discrete” motion.
The combination of independent variables that minimized the larg-
est position or orientation error in locating the F-E and LR axes
defined the best-performing applied motion.

2.5 Sensitivity of Errors to Range of Motion. The axis-
finding method using the ISL assumes fixed axes [36]; if either of
the axes are not fixed, then it would be necessary to locate the
axes using a smaller range of flexion and/or I-E rotation [13]. To

Fig. 4 Flow chart of error calculations

Table 2 The ranges and increments of the independent varia-
bles describing the size and attachment position of the ISL

Variable Range Increment

d (mm) 150 to 250 50
b (deg) �90 to þ90 45
c (deg) �90 to þ90 90
l (mm) 200 to 400 100
/ (deg) 60 to 150 30
Wrist Femur or Tibia –
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investigate how reduced ranges of flexion and I-E rotation affect
the orientation and position errors in determining the F-E and LR
axes, the independent variables describing maximum flexion and
maximum I-E rotation ranges were varied. The maximum flexion
range was varied in increasing increments of 10 deg, from 10 deg
to 120 deg (i.e. 0–10 deg, 0–20 deg, 0–30 deg, etc.). The maximum
I-E rotation range was varied in increments of 65 deg, from 0 deg
to 620 deg. Using the best-performing pattern of applied motion
and the best-performing ISL, the bias, precision, and RMSE were
calculated for each of the eight dependent variables as a function
of the range of flexion and range of I-E rotation.

When applying a smaller flexion arc, the errors may change as
a function of the starting flexion angle. To examine this possibil-
ity, the flexion arc that maintained all RMSEs below 1 mm and
1 deg was simulated while varying the starting flexion angle in
increasing increments of 10 deg until the maximum flexion angle
(120 deg) was reached. The I-E rotation range was 620 deg.

For the best-performing pattern of applied motion in conjunction
with the optimized ISL, the bias, precision, and RMSE were calcu-
lated for each of the eight dependent variables. To determine the
worst-case errors when using the applied flexion range that main-
tained all errors below 1 mm and 1�, the maximum bias, precision,
and RMS errors at any starting flexion angle were determined.

3 Results

The optimized ISL had the “wrist” attached to the femur, link
lengths, l ¼ 300 mm, elbow angle, / ¼ 60 deg, attachment offset,
d ¼ 200 mm, attachment angle, b ¼ �90 deg, and attachment
orientation, c ¼ 0 deg (Fig. 5). Of the 1080 combinations of inde-
pendent variables, 704 did not converge to a solution, and 309
reached an “elbow angle” of less than 20 deg throughout motion,
which left 67 combinations that both converged and maintained
an “elbow angle” of at least 20 deg throughout motion. Among
the 67 combinations that both converged and maintained an

“elbow angle” of at least 20 deg, the maximum RMSE ranged
from 0.50 mm to 4.58 mm for the ISLs with the smallest and larg-
est maximum RMSEs, respectively. The ISL that had the smallest
maximum RMSE was not chosen because a solid model of
this ISL interfered with the virtual knee when simulated in Pro/
ENGINEER and instead the next-best ISL was chosen.

Of the three patterns of applied motion examined, “sequential
discrete” was optimal. For all three patterns of applied motion, the
M-L RMSE in locating the LR axis was larger than the other
errors; thus the M-L error in locating the LR axis was used to
compare each of the three applied motions (Fig. 6). Increasing ei-
ther the number of I-E rotation cycles or random positions
decreased the errors for all three cases. While “random discrete”
motion minimized the bias error, the precision error in the M-L
direction when measuring the LR axis only became lower than
1 mm when the number of tibiofemoral positions was 400 or
greater (Fig. 6(a)). While “sequential discrete” exhibited higher
bias errors in the M-L direction when measuring the LR axis, the
precision error was only 0.77 mm at 3 I-E rotation cycles, equiva-
lent to only 70 tibiofemoral positions, and was 0.30 mm at 25 I-E
rotation cycles (Fig. 6(b)). Thus “sequential” rather than
“random” motion improved the precision error by 65% at 70 tibio-
femoral positions and by 67% at 400 tibiofemoral positions. At
high numbers of I-E rotation cycles, “sequential continuous”
motion performed better than “sequential discrete,” reducing the
precision error by 43% to 0.17 mm; however, the bias error was
large and inconsistent, especially at smaller numbers of I-E rota-
tion cycles (Fig. 6(c)). Therefore, although “sequential continu-
ous” motion provided the lowest RMSE when the number of I-E
rotation cycles was large, “sequential discrete” motion was
deemed the optimal motion due to the minimal bias error for any
number of I-E rotation cycles.

Using the “sequential discrete” pattern of applied motion in
conjunction with the optimized ISL gave negligible errors when
locating the F-E and LR axes. For 13 I-E rotation cycles through-
out 120 deg flexion and 20 deg I-E rotation, the largest error of the
F-E axis was in the A-P direction and the largest error of the LR
axis was in the M-L direction (Fig. 7). These errors correspond to
overall orientation and position RMSEs of 0.12 deg and 0.39 mm
when locating the LR axis, and RMSEs of 0.01 deg and 0.05 mm
when locating the F-E axis.

Using the “sequential discrete” pattern of applied motion in
conjunction with the optimized ISL, errors when locating the
F-E and LR axes increased with decreasing ranges of flexion and
I-E rotation. For any range of flexion and I-E rotation with I-E
rotation cycles every 5 deg of flexion, the M-L RMSE in locating
the LR axis and the P-D RMSE in locating the F-E axes were the
two largest errors (Fig. 8). Decreasing the range of I-E rotation
minimally increased the P-D RMSE in locating the F-E axis
except for when the I-E rotation range was 65 deg or 60 deg. For
I-E rotation ranges of 620 deg and 615 deg, the P-D RMSE in
locating the F-E axis remained below 1 mm for any flexion range
between 30 deg and 120 deg; for an I-E rotation range of 610 deg,
this error remained below 1 mm for any flexion range between
40 deg and 120 deg. Decreasing the range of flexion minimally
increased the M-L RMSE in locating the LR axis except for when
the I-E rotation range was 610 deg or lower. For I-E rotation
ranges of 620 deg and 615 deg, the M-L RMSE in locating the
LR axis remained below 1 mm for any flexion range between
20 deg and 120 deg. Thus, the minimum range of motion such that
all errors were below 1 mm and 1 deg was 30 deg flexion with
615 deg I-E rotation. In addition, the F-E axis could be located
without any applied I-E rotation for flexion ranges as low as
50 deg (i.e. 11 data points) while maintaining errors less than
1 mm and 1 deg.

The P-D and A-P RMSEs in locating the F-E axis fluctuated
when the starting flexion angle was varied (Fig. 9). The P-D error
of the F-E axis approached zero at higher starting flexion angles
and reached its maximum when starting from full extension; con-
versely, the A-P error of the F-E axis increased with starting

Table 3 The ranges of the independent variables describing
the pattern of applied tibiofemoral motion

Type of motion Variable Values

“Random discrete” Number of positions 70, 100, 130,
220, 400

“Sequential discrete” I-E Rotation resolution
(deg)

5

I-E Rotation cycles 3, 5, 7, 13, 25

“Sequential continuous” I-E Rotation resolution
(deg)

0.5

I-E Rotation cycles 1 to 24 in
increments of 1

Fig. 5 The optimal ISL had link lengths of 300 mm and was
attached to the anterior aspect of the tibiofemoral joint. The
axes of the revolute joints of ISL links 1 and 6 were parallel to
the F-E axis at full extension, and the “wrist” and “shoulder”
were offset 200 mm from the k̂F axis.
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flexion angle. With a flexion range of 30 deg and an I-E rotation
range of 620 deg, the maximum bias, precision, and RMSE for
any of the eight dependent variables at any starting flexion angle
was 0.71 mm (Fig. 10).

4 Discussion

Accurately locating the axes of motion is required to accurately
characterize kinematics of the tibiofemoral joint. Because errors

in locating the F-E and LR axes depend on transducer errors, ISL
size and position, and the pattern of applied motion, the first
objective was to develop a method to computationally determine
the bias, precision, and RMSE in locating these axes due to errors
in the revolute joint transducers. Additional objectives were to
determine the optimal ISL configuration to minimize these errors,
the optimal pattern of the applied motion, and the sensitivity of
the errors due to range of flexion and I-E rotation. The method

Fig. 6 Bias, precision, and RMSE in locating the LR axis in the M-L direction, for
(a) “random discrete,” (b) “sequential discrete,” and (c) “sequential continuous”
patterns of applied motion. “Random discrete” motion had the largest precision
error, wile “sequential continuous” motion had the largest bias error.

Fig. 7 Bias, precision, and RMSE in locating the (a) F-E axis
and (b) LR Axis, using the optimal ISL and the “sequential dis-
crete” pattern of applied motion for thirteen I-E rotation cycles
(620 deg) across 120 deg flexion. The error in locating the LR
axis in the M-L direction was an order of magnitude larger than
the errors in locating the F-E axis.

Fig. 8 (a) P-D RMSE in locating the F-E axis and (b) M-L RMSE
in locating the LR axis as a function of range of flexion and
range of I-E rotation using “sequential discrete” applied
motion. Results for 65 deg are only partially shown in (b) for
clarity. The error in locating the F-E axis in the P-D direction
was only slightly affected by range of I-E rotation, while the
error in locating the LR axis in the M-L direction was only
slightly affected by range of flexion.
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was established and used to determine the optimal ISL configura-
tion. The method showed that “sequential discrete” was the opti-
mal pattern of applied motion because this pattern had lower bias
error than the two other patterns of motion for any number of I-E
rotation cycles. Finally, to ensure all errors were less than 1 mm
or 1 deg, the minimum ranges of “sequential discrete” motion
were 30 deg of flexion with 615 deg of I-E rotation.

The results of the ISL optimization procedure underline the
importance of computationally simulating an ISL prior to con-
struction. The inverse kinematics computation for a large propor-
tion the simulated ISL configurations (704/1080) did not converge
to a solution, indicating that most ISL sizes and attachment
positions are incapable of reaching all tibiofemoral positions
throughout the simulated range of motion. Among the remaining
376 ISL configurations that were capable of reaching all required
tibiofemoral positions, the “elbow” angle became less than
20 deg throughout the required range of motion for the majority
(309/376). Among the 67 successful ISL configurations, the
maximum of any of the orientation or position RMSEs for either

axis ranged from 0.50 to 4.58 mm; if the ISL was designed with-
out error analysis of a wide range of possible configurations, then
errors could be as much as 9 times higher than the minimum.
Finally, among those that maintained an “elbow angle” of at least
20 deg and converged to a solution for the entire range of motion,
a solid model of the best-performing ISL interfered with a solid
model of the tibiofemoral joint during further simulations. As
such, omitting any of these simulations would likely result in an
ISL that either is incapable of reaching all required positions, col-
lides with itself, has unacceptable error, or interferes with the
tibiofemoral joint.

The ISL optimization procedure established design guidelines
that were different than the guidelines established by Kirstukas
et al. [16]. The previously established guidelines were developed
for the measurement of translations and rotations of the tibiofe-
moral joint rather than the rotational axes. One design guideline
was that in general, ISL measurement errors increase with increas-
ing link length [16]; link length was not minimized in our applica-
tion because the axis-finding method used in this study requires an
array of data points across a wide range of flexion and I-E rotation
angles. Thus, although minimizing the absolute error at each
individual tibiofemoral position was more important when
directly measuring motion [16], the range of motion allowed by
the ISL was more important when locating rotational axes.
Another guideline, that the axis of the first linkage joint should be
aligned with the primary rotational axis of the joint [16], was cor-
rect for the 14 best-performing linkages because linkages not
aligned in this manner were less able to reach all necessary tibio-
femoral positions.

To our knowledge, no previous studies that located the F-E and
LR axes varied the pattern of applied motion. The Virtual Axis
Finder was examined using sequentially applied motion consisting
first of incrementally applied I-E rotation followed by flexion with
coupled I-E rotation at fixed increments [13]. The error of the
axis-finding method used in our study was first examined for one
pattern of motion consisting of three I-E rotation cycles applied
continuously throughout flexion [36]. When including hysteresis
error, this continuous motion would lead to large M-L bias errors
when locating the LR axis (Fig. 6). Thus it is important to thor-
oughly examine each possible pattern of applied motion.

Hysteresis was likely the cause of the increased precision error
for “random discrete” motion and the increased bias error for
“sequential continuous” motion. For “sequential discrete” motion,
the pattern of internal rotation followed by external rotation at
fixed flexion angles would remove hysteresis effects caused by
I-E rotation. For “random discrete” motion, these rotational errors
would not be cancelled by an equal and opposite rotation because
all possible combinations of flexion and I-E rotation angles had
equal probability. Similarly, in “sequential continuous” motion,
the pattern of I-E rotation was different than “sequential discrete”
motion in that I-E rotation cycles were applied during constantly
applied flexion. The pattern of reciprocating I-E rotation during
constant flexion preserves the effects of hysteresis because an
equal and opposite rotation does not occur at every flexion angle
as in “sequential discrete” motion.

Using the optimal pattern of motion for the full range of
motion, the RMSEs were better than previous axis-finding techni-
ques despite the inclusion of linearity and hysteresis errors. Using
motion analysis, the Virtual Axis Finder achieved RMSEs of
0.26 deg and 0.28 mm when locating the LR axis and 0.36 deg and
0.25 mm when locating F-E axis after statistically pooling the two
orientation errors and two position errors of each axis [13]. To
compare the errors of the axis-finding method used in this simula-
tion to those of the Virtual Axis Finder using motion analysis, the
same statistically pooled errors were calculated; RMSEs were
0.07 deg and 0.22 mm when locating the LR axis and 0.01 deg and
0.03 mm when locating the F-E axis. All four RMSEs were
smaller than those of the Virtual Axis Finder using motion analy-
sis; specifically, the orientation error in locating the LR axis was
reduced by 73%, the position error in locating the LR axis was

Fig. 9 P-D RMSE and A-P RMSE in locating the F-E axis as a
function of initial flexion angle for seven I-E rotation cycles
(620 deg) across 30 deg flexion using the “sequential discrete”
pattern of applied motion. While the error in locating the F-E
axis was largest in the P-D direction at full extension, the error
becomes larger in the A-P direction when starting from 40 deg
flexion or greater.

Fig. 10 Maximum bias, precision, and RMSE in locating the (a)
F-E axis and (b) LR axis, using the optimal ISL and the
“sequential discrete” pattern of applied motion for seven I-E
rotation cycles (620 deg) across 30 deg flexion at any starting
angle
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reduced by 21%, the orientation error in locating the F-E axis was
reduced by 97%, and the position error in locating the F-E axis
was reduced by 88%. Because the Virtual Axis Finder using
motion analysis has already been shown to be more accurate than
the Mechanical Axis Finder [1,13,14], the axis-finding method
described using in conjunction with an ISL [36] is the most accu-
rate axis-finding method available when using the full range of
motion.

A smaller range of applied motion may be required if the
assumption of fixed axes [1] is not valid, or if range of motion is
limited. While studies indicate that the two tibiofemoral axes are
fixed [1,3,7], these studies do not apply to reconstructed knees;
thus, it is unknown whether this assumption is valid following
reconstruction. In addition, because the laxity of the tibiofemoral
joint can vary [49], the available range of I-E rotation could be
limited. The error in the P-D direction when locating the F-E axis
was only slightly affected by the range of I-E rotation except
when that range became 65 deg or less (Fig. 8). Because knees
have an I-E laxity of at least 610 deg for the majority of flexion
[49], variation of laxity among different limbs should not affect
the error in locating the F-E axis. When using an I-E rotation
range of at least 610 deg, the F-E axis can be located with an
error in the P-D direction of less than 1 mm for any flexion range
of at least 30 deg, thus a moving F-E axis can be accurately
located in 30 deg flexion partitions. Because the Virtual Axis
Finder did not use I-E rotation to locate the F-E axis [13], the two
methods could not be compared for this case.

An LR axis that moves with flexion can also be located by par-
titioning the range of flexion. The error in locating the LR axis
was affected by the range of I-E rotation more than the error in
locating the F-E axis (Fig. 8). Conversely, when the I-E rotation
range was at least 610 deg, the M-L error when locating the LR
axis was relatively unaffected by flexion range except when that
range was less than 20 deg. However, to ensure errors of less than
1 mm and 1 deg when locating the LR axis, at least 615 deg I-E
rotation and 30 deg of flexion is required; thus, an LR axis that
moves with flexion could also be accurately located by partition-
ing flexion into 30 deg increments, provided that the I-E rotation
laxity is at least 615 deg. While this required I-E rotation range is
more than the 610 deg of I-E rotation required by the Virtual
Axis Finder [13], it is still within the envelope of passive motion
[49].

Because the axis-finding method used in this analysis assumes
that all motion is about the F-E and LR axes [1,36], additional
applied motions such as V-V rotation would reduce accuracy, and
thus steps should be taken to prevent the application of these
motions. At a flexion angle of 20 deg, the laxity about the LR
axis with 610 N-m of torsion is approximately 42.3 deg in the
unloaded knee [50]. However, 61 N-m of V-V torsion causes
approximately 62 deg of V-V rotation in the unloaded knee at
20 deg of flexion [50]. Thus V-V rotation could be inadvertently
applied by I-E torsion that is not precisely about the LR axis. To
ensure that V-V rotation is not inadvertently applied, it may be
necessary to avoid applying any I-E torsion; with 0 deg of applied
I-E rotation 50 deg of flexion is necessary to ensure that both
positions and both orientations of the F-E axis have errors of less
than 1 mm or 1 deg (Fig. 8). Increasing the range of I-E rotation to
65 deg, which would require less than 1 N-m of torsion in the
unloaded knee [50], would be unlikely to cause inadvertent V-V
rotation and would reduce the required range of flexion to 40 deg
while still ensuring that all errors are less than 1 mm and 1 deg.
Another possible mitigation is to align the LR axis of the knee
with a fixture by removing coupled motions [51]. Alternatively,
condylar lift-off could be controlled via an axial load applied
along the LR axis that would considerably stiffen the tibiofemoral
joint in the V-V degree of freedom [50]. An axial load would also
control the inadvertent application of loads in other degrees of
freedom such as A-P translation.

There were differences in the way the axis-finding method was
implemented in this study when compared with the original

description [36]. To locate the LR axis, best-fit plane optimization
was implemented using constrained nonlinear minimization via
the function fmincon in MATLAB using an active set algorithm
rather than the fminsearch function used in the original descrip-
tion [36]. The axes optimized using other minimization algorithms
such as fminsearch, fminunc, and simulated annealing were highly
dependent upon the initial guess; conversely, the axes optimized
using fmincon were independent of the initial guess. To locate the
F-E axis, best-fit circles were calculated using Taubin’s method
[52]; the best-fit circle algorithm used in the original description
was not specified [36].

Our method of error analysis achieves several important
improvements over previous research. The first is that the method
includes both a linearity error and a hysteresis error for each
sensor rather than only resolution error [36]. Second, the method
presents the resulting errors in terms of anatomic coordinates
rather than absolute orientation and position errors [36]. The
results of this error analysis indicate that the errors are not equal
in each direction and change with flexion (Figs. 7 and 9); further-
more, standard anatomic directions simplify communication
between clinicians and biomechanics researchers [53]. Third, the
mathematical model presents the errors in terms of bias, precision,
and RMSE rather than only RMSE [36]; ignoring the contribution
of bias and precision errors to the RMSE would inhibit an
accurate comparison of the different patterns of applied motion
(Fig. 6).

A similar method could be applied to other joints and/or ISL
designs. The method determined the optimal ISL, the optimal
applied motion, and the error in locating the F-E and LR axes and
was described specifically for the tibiofemoral joint using an
equal-link-length “elbow-type” ISL using particular encoders as
the revolute transducers. However, this method requires only a
virtual model of a joint connected to a virtual ISL and an axis-
finding mathematical method specific to the joint. Thus this
method could be modified to work with any joint, such as the
ankle or shoulder, provided that an axis-finding method is avail-
able. In addition, other sensors with other types of errors or other
configurations of ISLs could easily be analyzed with this method
to optimize an ISL, determine the optimal pattern of applied
motion, and determine the expected errors.

There were several limitations in this study. Other errors not
included in the method were the error in determining the
Denavit–Hartenberg parameters of the ISL [54], compliance of
the ISL links [54], play in the revolute joints [54], signal noise, ec-
centricity of encoder rotation due to assembly error, and signal
variation of the rotational transducers due to changes in tempera-
ture. Calibration errors and ISL compliance were not simulated
due to computation complexity. Play in the revolute joints was not
simulated due to computational complexity and because our ISL
will be constructed using a previously described bearing assembly
with compression screws that eliminates play and separates the
revolute joint load from the transducer [55]. Eccentricity was not
simulated because the encoders simulated in this study include
on-board electronics and calibration procedures to remove the
nonlinear effects of mechanical misalignment due to assembly
errors. The sensors also convert the analog output signal to a digi-
tal serial signal before transmission; thus eliminating signal noise.
Finally, sensor variation due to temperature is small and tempera-
ture can be easily controlled in a testing environment. If one or
more of these additional sources of error were present in an actual
ISL used in an experimental setting, then the errors when locating
the F-E and LR axes may be different from the computational
results. In addition, the error analysis only applies to the optimal
ISL configuration; changing parameters such as the attachment
distance from the long axes of the femur and tibia or the attach-
ment distance from the F-E axis would change the expected
errors.

In summary, we have developed a method for comprehensive
analysis of errors when locating the F-E and LR axes using an
ISL. This method will aid in the design of ISLs that will be used
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to locate the F-E and LR axes of the tibiofemoral joint. This anal-
ysis is useful when comparing different axis-finding techniques,
and has shown that this axis-finding method with the best-
performing ISL is comparable or better than the Virtual Axis
Finder [13] and thus is the most accurate axis-finding method cur-
rently available.
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