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ABSTRACT: Mathematical prediction of power loss during
electrically stimulated contractions is of value to those trying to
minimize fatigue and to those trying to decipher the relative
contributions of force and velocity. Our objectives were to: (1)
develop a model of non-isometric fatigue for electrical stimula-
tion–induced, open-chain, repeated extensions of the leg at the
knee; and (2) experimentally validate the model. A computer-
controlled stimulator sent electrical pulses to surface electrodes
on the thighs of 17 able-bodied subjects. Isometric and non-iso-
metric non-fatiguing and fatiguing leg extension torque and/or
angle at the knee were measured. Two existing mathematical
models, one of non-isometric force and the other of isometric
fatigue, were combined to develop the non-isometric force–fa-
tigue model. Angular velocity and 3 new parameters were
added to the isometric fatigue model. The new parameters are
functions of parameters within the force model, and therefore
additional measurements from the subject are not needed.
More than 60% of the variability in the measurements was
explained by the new force–fatigue model. This model can help
scientists investigate the etiology of non-isometric fatigue and
help engineers to improve the task performance of functional
electrical stimulation systems.
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Functional electrical stimulation (FES) may be
used by individuals with paralysis due to either
stroke or spinal cord injury (SCI) to regain func-
tional movement. Mathematical simulations can be
used to identify stimulation strategies that produce
desired forces and motions, but these simulations
must account for muscle fatigue. Otherwise, the
duration of the task will limit the predictive ability
of the model.

During non-isometric contractions, muscle fa-
tigue is exhibited as a reduction in muscle power.1

Power is determined by the number and force of
the strongly bound cross-bridges and the rate of
cross-bridge cycling within the muscle.1 In an
effort to determine the relative contribution of
these factors to loss of power, the relative loss of
muscle isometric force, non-isometric force, and
velocity are often compared during and/or follow-
ing fatiguing contractions.2–5 Because the cause of
fatigue is multifactorial and task-dependent, there
is no single approach to the study of fatigue.6

Therefore, relationships between loss of power, ve-

locity, force, and the dynamics of the cross-bridge
cycle have been difficult to define quantitatively. A
mathematical model capable of predicting muscle
power, velocity, force, and fatigue could be used to
derive specific relationships between tasks and
their associated losses of power, force, and velocity.
In addition, a validated model could predict force
during fatiguing contractions in testing situations
where force cannot be measured easily, such as
during general non-isometric leg extensions.

Models of non-isometric, non-fatiguing contrac-
tions7–9 and models of isometric fatiguing contrac-
tions10–15 have been developed, yet an experimentally
validated model that can predict force and motion
before and during fatiguing non-isometric contrac-
tions in humans has not appeared in the literature.
Xia and Law16 developed a model that has the poten-
tial to predict non-isometric fatigue during physio-
logical stimulation. Unfortunately, predictions were
not verified experimentally. Without experimental
validation under different testing conditions, the
accuracy and generalizability of the model are
unknown, and the model may not predict FES-
induced fatigue because recruitment during electri-
cal stimulation is non-physiological. Likewise, a sim-
ple dynamic muscle fatigue model that does not
include limb dynamics was developed by Ma and col-
leagues,17 but it was not experimentally validated.

The non-isometric force model by Perumal and
colleagues8,9 and the isometric fatigue model by
Ding and colleagues11,18 and Marion and col-
leagues19 have been experimentally validated in
humans to predict such force and fatigue in
response to a wide range of clinically relevant elec-
trical stimulation patterns. If the non-isometric
force model could be integrated with a non-iso-
metric fatigue model, then power could be pre-
dicted before and during non-isometric fatiguing
contractions. As compared with the biomechanics
of a leg attached to an exercise dynamometer, the
kinetics and kinematics of a general non-isometric
leg extension more closely resemble the leg biome-
chanics during natural movement during a gait
cycle. For this reason, and because the non-isomet-
ric force model8 can predict the forces during gen-
eral non-isometric leg extensions, we chose general
non-isometric leg extensions to develop our model
of non-isometric muscle fatigue. The term leg is
defined as that section of the lower limb between
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the knee and ankle. The phrase general non-iso-
metric indicates that the leg is not attached to the
exercise dynamometer. It is free to move at any ve-
locity in more than one plane. The objectives of
this study were to: (1) develop a model of non-iso-
metric fatigue for electrical stimulation–induced,
open-chain, repeated extensions of the leg at the
knee; and (2) experimentally validate the model.

METHODS

Mathematical Model. The force–fatigue model
developed by Ding and colleagues8,9,11,18 was used
for this study (see Table 1 for definitions of symbols).
The force model describes muscle activation, con-
traction dynamics, the force–angle relationship, and
the force–angular velocity relationship. The input is
the time the pulses are delivered, and the output is
the force at the ankle predicted for each time-point:

dCN

dt
¼ 1

sc

Xn
i¼1

Ri exp � t � ti
sc

� �
� CN

sc
(1)

Ri ¼
1 i ¼ 1

1þ ðR0 � 1Þ exp � ti � ti�1
sc

� �
i > 1

�
(1a)

dF

dt
¼ G þ A½ � CN

Km þ CN
� F

s1 þ s2
CN

Km þ CN

(2)

A ¼ A90ða 90� hð Þ2 þ b 90� hð Þ þ 1Þ (2a)

G ¼ V1h exp �V2hð Þ dh
dt

(2b)

d2h
dt2

¼ L

I
Fload þ FMð Þ cosðhþ kÞ � F½ � (3)

Equation (1) models the rate-limiting step that
leads to the formation of strongly bound cross-
bridges, and it represents the activation dynamics.
Equation (2) describes the generation of the mus-
cle force component of torque. It was derived
from a Maxwell model of linear viscoelasticity in se-
ries with a motor.18 The terms A and G represent
the torque–angle20 and torque–angular velocity9

relationships, respectively. The Michaelis–Menten
term, CN/(Km þ CN), scaled by A and G, drives the
development of force. The last term in eq. (2)
accounts for the force decay over two time con-
stants, s1 and s2. Equation (3) models the dynam-
ics of the leg distal to the knee. The term FM rep-
resents the resistance to knee extension due to the
weight of the leg and all other passive resistance
about the knee joint, whereas Fload is the load
applied at the ankle (0–9.08 kg).

The fatigue model monitors changes in the
three force model parameters that change with fa-
tigue, A90, Km, and s1. The input is instantaneous
force from the force model (once all force and fa-
tigue model parameters have been identified), and
the output is A90, Km, and s1:

dA90

dt
¼ �A90 � A90;0

sfat
þ aA þ bA

dh
dt

� �
F (4)

Km ¼ Km1 þ Km2 (5)

dKm1

dt
¼ �Km1 � Km1;0

sfat
þ aKm þ bKm

dh
dt

� �
F (6)

dKm2

dt
¼ � aKm þ bKm

dh
dt

� �
F (7)

ds1
dt

¼ � s1 � s1;0
sfat

þ as1 þ bs1
dh
dt

� �
F (8)

The time constant, sfat, characterizes the rate of
change of parameters, A90, s1, and Km, from the
pre-fatigue values (A90,0, s1,0, and Km,0) to steady
state. All of the isometric terms (those without dy/
dt) have been reported previously,11,19 and the
same procedures were used here to identify the
isometric values.

Because the relationship between force and ve-
locity has been shown to change with fatigue,2,5

the bdy/dt terms were added to the equations. Pre-
liminary data collection and analyses indicated that
this was likely to be a successful approach.

Experimental Procedures. Seventeen healthy sub-
jects, 8 men and 9 women (ages 19–26 years), with
no history of lower extremity orthopedic problems,
voluntarily participated in this study and signed
informed consent agreements. This study was
approved by the University of California Human
Subjects Review Board.

The experimental setup was similar to that
described previously.8,9,21 Briefly, subjects were
seated in a backward-inclined (15� from vertical)
chair of a computer-controlled dynamometer (Sys-
tem 2; Biodex Medical Systems, Inc., Shirley, New
York). The trunk, hips, and thigh were strapped to
the chair, thus fixing the hip angle and limiting
leg movement. The ankle was strapped to the lever
arm of the dynamometer for the isometric and iso-
velocity tests. The axis of rotation of the knee joint
was aligned with the axis of rotation of the dyna-
mometer. A custom-built electrogoniometer was
strapped to the lower limb and trunk to measure
the knee angle. Customized software (LabView 8.0,
National Instruments Corp., Austin, Texas) col-
lected the digitized voltage signals at 300 HZ from
the dynamometer torque transducer and the elec-
trogoniometer. Two 7.5 � 12.5-cm self-adhesive
stimulating electrodes were placed on the skin of
the right thigh, one at the proximal and the other
at the distal end of the quadriceps muscles. The
final electrode position was determined by the tor-
que–time curves (which resemble the product of a
forward and reverse logistic curve) at 3 isometric
knee angles, 90�, 55�, and 20�, and the amount of
planar movement during general non-isometric leg
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extensions. The position was adjusted until the pla-
teau of the torque–time curves produced during 1-
second stimulations remained constant from the
beginning to the end of steady state at each knee
angle. The electrodes were repositioned if the leg
visibly moved out of the sagittal plane during the
non-isometric extensions. In these cases, the elec-
trode position was again tested at the 3 isometric
knee angles, and the final position was a compro-
mise between a smooth torque–time curve with a
constant plateau and planar leg movement. Cus-
tomized software controlled the rate that pulses
were delivered by the stimulator (Grass S48) to the
electrodes. An attached stimulus isolation unit
(SIU8T) isolated the electrodes from ground, pro-
viding greater safety to the subject.

Each subject participated in 4 or 6 testing ses-
sions. Ten subjects were used for model develop-
ment; the remaining 7 for model validation. Sub-
jects were asked to refrain from strenuous exercise
for 24 hours prior to each testing session. Succes-
sive sessions were separated by a minimum of 48
hours, the minimum time required by the muscles
to recover and again yield the maximum torque

measured prior to fatigue. During the testing ses-
sions, stimulation trains were applied to relaxed
quadriceps femoris muscles. Just before the first
session, a modified interpolated twitch technique
(ITT)22 was used to determine the subject’s maxi-
mal voluntary isometric contraction (MVIC). In
brief, a 100-HZ, 135-V 11-pulse train was delivered
to the quadriceps muscle while the subject
attempted to extend the fixed leg (knee angle
held at 90�). Voluntary torque was considered max-
imal if it did not increase by >10% when the stim-
ulus train was added. If torque increased with stim-
ulation by >10%, subjects rested 5 min before
attempting to perform another MVIC. All subjects
completed this task successfully within three
attempts. For the 10 model development subjects,
the stimulation amplitude was set at the voltage
that extended the leg plus a 9.08-kg load to �15�
while a 1-second 50-HZ train of pulses was applied.
This assured a maximum range of motion for every
subject for all loads, and thus a maximum range of
fatigue for model development. For the 7 model
validation subjects, the stimulation amplitude was
set to produce 20% MVIC with the knee at 90� in

Table 1. Definitions of symbols and acronyms.

Term Unit Definition

A90 N/ms Scaling factor reflecting magnitude of force at 90�

a deg�2 Defines parabolic shape of ankle force-knee angle relationship
aA ms�2 Force scaling factor in fatigue model for force model parameter A

aKm ms�1 N�1 Force scaling factor in fatigue model for force model parameter Km

as1 N�1 Force scaling factor in fatigue model for force model parameter s1
b deg�1 Defines parabolic shape of ankle force-knee angle relationship
bA ms�1 deg�1 Angular velocity � force scaling factor in fatigue model for force model parameter A

bKm deg�1 N�1 Angular velocity � force scaling factor in fatigue model for force model parameter Km

bs1 ms deg�1 N�1 Angular velocity � force scaling factor in fatigue model for force model parameter s1
CFT — Constant frequency train
CN — Normalized concentration of Ca2þ-troponin complex
F N Instantaneous force at the ankle

Fload N Load applied at ankle during general non-isometric leg extensions
FM N Represents the resistance to knee extension due to the weight of the leg and all other

passive resistance about the knee joint.
FTI N-s Force time integral

I kg-m2 Net mass moment of inertia of the leg plus the applied load
Km — Similar to Michaelis-Menten constant; affinity of actin-strong binding site for myosin
L m Effective moment arm from knee joint center of rotation to resultant force vector near ankle
k deg 90� minus the knee flexion angle of the resting non-isometric leg
n — Number of stimuli in train before time t

R0 — Characterizes the magnitude of enhancement in CN from the following stimuli
Ri — Accounts for differences in activation for each pulse relative to first pulse of train

SCI — Spinal cord injury
ti ms Time of the ith stimulation
s1 ms Time constant of force decline in the absence of strongly bound cross-bridges
s2 ms Time constant of force decline due to actin-myosin friction in cross-bridges
sc ms Time constant controlling the rise and decay of CN

sfat ms Time constant for force model parameters A, Km, and s1 during fatigue
y deg Knee flexion angle, where full extension is 0�

V1 N/deg2 Scaling factor in the term G

V2 deg�1 Constant
VFT — Variable frequency train
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response to a 6-pulse, 100-HZ train, during every
session for the entire session, as was done in the
non-fatigue studies.8,20

Pre-fatigue isometric, isovelocity, and general
non-isometric (Fig. 1) torque and/or angle data,8

as well as fatiguing isometric torque11 and general
non-isometric angle data in response to electrical
pulse trains, were acquired from the testing ses-
sions. The trains were either constant (CFT) or
variable (VFT) frequency trains, containing equally
spaced singlet pulses or an initial doublet followed
by equally spaced singlet pulses, respectively. Pulse
durations were 600 ls. At the beginning of every
test the quadriceps were held isometric and stimu-
lated with 12 14CFT (i.e., CFT with 14-HZ pulse
frequency), each train on for 0.8 seconds and off
for 5 seconds, to potentiate the muscle.20 Pre-fa-
tigue isovelocity torque and angle measurements
were collected first. The dynamometer, set to pas-
sive mode, moved the leg at 150�/second from
�110� to 4�. Measurements were collected from

leg extensions performed without stimulation and
from extensions performed while the quadriceps
were stimulated as the leg extended from 85� to
20�. There were 4 pre-fatigue testing trains, one
per leg extension, a 50CFT (50 HZ) followed by 2
12.5VFTs (12.5-HZ, 5-ms between pulses within the
initial doublet) and a 50CFT, each train on for 1
second and off for 10 seconds. These 4 trains were
used to identify the pre-fatigue isovelocity model
parameters. The leg was rested for 4 minutes fol-
lowed by collection of the pre-fatigue isometric tor-
que measurements. Four knee angles (15�, 40�,
65�, 90�) were tested in a different order every ses-
sion, which varied from subject to subject. The 4
testing trains were applied at each knee angle. The
muscles rested for 4 minutes between each angle.

After a 4-minute rest, the fatiguing stimulation
protocol was applied to the thigh, one fatigue ses-
sion per day. One isometric (knee at 90�) and 3
general non-isometric (Fig. 1) fatigue sessions were
used for model development and validation. For
the general non-isometric sessions, the leg was
released from the dynamometer, allowed to swing
freely, and weights were applied to the ankle at 0,
4.54, or 9.08 kg. Two additional general non-iso-
metric fatigue sessions, with 1.82- and 6.36-kg
loads, were used for model validation in 9 of the
model development subjects. Fourteen pairs of
testing (50CFT–12.5VFT) and 182 fatiguing
[33CFT (33-HZ)] trains were applied. The trains
were applied as follows: 1 pair of testing trains fol-
lowed by 13 fatiguing trains, repeated 14 times.
The first 2 trains, that is, the first pair of testing
trains, were each followed by a 10-second rest.
These 2 trains produced the isometric and the
general non-isometric initial (pre-fatigue) contrac-

tions used by the model. For the isometric session,
all trains were on 1 second and, after the third train,
all were off 1 second.11 This duty cycle is similar to
that found in normal gait and has been proven
effective for fatigue of the quadriceps, as well as for
identification of the model parameters.11 For the
general non-isometric sessions the train, the off
time was 1.3 seconds, the minimum time required
for the leg to return to the resting position (80–90�)
and for us to manually stop the oscillations with our
hands. The on time was set at the time needed for
the leg, with the load for that session attached, to
extend to �15� while the thigh was stimulated with
a 50CFT. The on times varied from approximately
0.15 to 1 second, from session to session, depending
on the load applied and on the subject. For the
model development subjects, the on time was con-
stant for all trains during the fatigue protocol of a
given session; that is, all 210 trains had the same on
time. For the model validation subjects, the number
of pulses remained constant during that testing ses-
sion; that is, all 210 trains delivered the same num-
ber of pulses per train.

Parameter Identification. The force–fatigue model
contains a total of 19 parameters. Parameters R0

FIGURE 1. Photograph of a general non-isometric leg

extension.
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and sc were held constant at 2 (unitless)11 and 20
ms,23 respectively. The remaining 17 parameters,
which included A90, a, b, Km, s1, s2, V1, V2, L/I, and
FM, from the force model, and aA, aKm, as1, sfat, bA,
bKm, and bs1 from the fatigue model, required
identification (see Fig. 2). Parameters A90, Km, s1,
s2, a, b, V1, and V2 were identified from the pre-fa-
tigue isometric and isovelocity contractions from
the day of the isometric fatiguing session. In addi-
tion, 13 fatigue values for parameters A90, Km, and
s1 were identified from each 50CFT–12.5VFT pair
within the isometric fatiguing protocol. Pre-fatigue
values for A90, Km, and s1 [eq. (2)] were re-identi-
fied, and L/I and FM [eq. (3)] were identified
from the pre-fatigue general non-isometric 50CFT–
12.5VFT pair on the days of the general non-iso-
metric fatiguing sessions. Parameters bA, bKm, and bs1
[eqs. (4)–(8)] were initially identified for the
0-, 4.54-, and 9.08-kg loads by fitting model pre-
dicted to measured angles and angular velocities
from the fatiguing general non-isometric leg
extensions.

Model parameters were identified through
minimization of the sum-of-squares error between
the measured and modeled forces (for A90, Km,
s1, s2, V1, and V2; from the isometric fatigue day),
between the parameter A identified from the
force model and the parameter A predicted by
the parabolic equation [for a and b, eq. (2a)],
between the measured and modeled angles and
angular velocities (for A90, Km, s1, L/I, and FM for
the general non-isometric fatigue days and for
derivation of the bA, bKm, and bs1 equations), and
between the parameters A90, Km, and s1 derived
from the force model and the parameters A90,
Km, and s1 predicted by the fatigue model (for
aA, aKm, as1, and sfat; see Fig. 2), via a particle
swarm optimization algorithm.24 Initially, the
bounds for the candidate solutions were a factor
of 10 above and below values reported previ-
ously,11,23,25 and then they were adjusted if neces-
sary. A population of random guesses at the prob-
lem solution, within the bounds, was initialized.
These candidate solutions were improved through
an iterative process. Once a candidate ‘‘global’’
minimum was reached, a new population of ran-
dom guesses, which included the ‘‘global’’ best so-
lution, was initialized, and the iterative process
was repeated. The local minimum was confirmed
by using the MatLab non-linear least-squares algo-
rithm.26 The entire procedure was repeated sev-
eral times to confirm that the solution had con-
verged to the ‘‘global’’ minimum.
Statistical Analysis. The predictive accuracy of the
model was determined by analysis of the linear
regression coefficient of determination (r2). The
dependent variable was the predicted, and the in-

dependent variable was the measured angular excur-
sion. For this study, angular excursion is defined as
the difference between the initial and final knee
angles of every leg extension. The initial angle was
the resting angle just prior to stimulation. The final
angle was the minimum flexion angle the leg
reached during each extension. For the lower loads,
this minimum angle was often reached after cessa-
tion of stimulation. Both a fixed slope of unity and a
y-intercept of zero were used. Ideally, if the predictive
accuracy of the model was 100%, then the linear
regression r2 would be unity. The effect of load on
the r2 was determined using a one-factor repeated-
measures analysis of variance (ANOVA) followed by
Tukey’s post hoc tests. The independent variable was
load (0, 1.82, 4.54, 6.36, and 9.08 kg, and isometric),
and the dependent variable was the r2 value.

The effect of load on the change in predicted
power and predicted work over time was

FIGURE 2. Block diagram demonstrating parameter identifica-

tion (A) and prediction of fatigue (B) using the force and fatigue

models. The following describes the parameter identification

procedure. Muscle parameters A90, Km, s1, and s2 [eq. (2)]

were identified by fitting model-predicted forces to measured

forces collected during the pre-fatigue isometric contractions on

the day of the isometric fatiguing session. Parameter s1 was

identified separately using the force at the end of each contrac-

tion. Parameter A predicted by eq. (2a) was fit to parameter A

obtained from eq. (2) for all four knee angles to identify a and b.

Parameters V1 and V2 [eq. (2)] were identified by fitting model

predicted forces to measured forces collected during the isove-

locity leg extensions on the day of the isometric fatiguing ses-

sion. Parameters A90, Km, s1 [eq. (2)] were re-identified and

parameters L/I and FM [eq. (3)] were identified on the days of the

general non-isometric fatiguing sessions from the pre-fatigue test-

ing pair of contractions by fitting model-predicted knee angles to

measured knee angles collected during the general non-isometric

leg extensions. Parameters A90, Km, and s1 were also identified

from the isometric fatiguing contractions. Fitting A90, Km, and s1
predicted by the fatigue model to A90, Km, and s1 obtained from

the force model for the isometric pre-fatigue and isometric fatigu-

ing contractions identified the fatigue model parameters aA, aKm,
as1, and sfat [eqs. (4)–(8)]. Initially, parameters bA, bKm, and bs1
[eqs. (4)–(8)] were identified by fitting model-predicted angles

and angular velocities to the measured values collected during

the fatiguing general non-isometric leg extensions when the 0-,

4.5-, and 9.1-kg loads were applied. Equations for bA, bKm, and
bs1 [eqs. (4a), (7a), and (8a)] were then derived from correlations

with the parameters in the force model.
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determined using one- and two-factor, repeated-
measures ANOVAs followed by Tukey’s post hoc
tests. For the one-factor ANOVA the independent
variable was load (0, 1.82, 4.54, 6.36, and 9.08
kg), and the dependent variable was percent
decline in maximum predicted power. The inde-
pendent variables for one of the two-factor
ANOVAs were load and the components of pre-
dicted power (angular velocity and torque). The
dependent variable was percent decline. The in-
dependent variables for the other two-factor
ANOVAs were load and contraction number (first
and average of last 8). The dependent variables
were predicted work, predicted excursion, and
predicted torque time integral (TTI). In all cases,
we considered differences to be significant at P <
0.05.

RESULTS

Equations for bA, bKm, and bs1 [eqs. (4a), (7a), and
(8a)] as a function of other model parameters
were derived from correlations and regression
analyses. The fitted b parameters were identified
by minimizing the error between the measured
and modeled angles and angular velocities for the
0-, 4.5-, and 9.08-kg fatiguing tests. The initial
equations were derived from correlations between
the fitted b parameters and both the force model
parameters and the initial angular velocities and
excursions. The final equations were derived from
linear regression analyses, where the independent
variables were both the original variables used in
the correlation analysis and the initial equations
derived from the correlation analysis. The depend-
ent variables were the fitted b parameters:

bA ¼ �5:66� 10�3A5:5
90;0;isoK

8
m0

max dh
dt

�� ��
0ð12HzÞ

� �1:3 þ 1:04� 10�5 max
dh
dt

����
����
0ð50HzÞ

�9:13� 10�6 max
dh
dt

����
����
0ð12HzÞ

þ 6:17� 10�7 (4a)

bKm
¼

0 L=I > 35

2:28 � 10�5s21;iso

max h0ð12HzÞ �min h0ð12HzÞ
� �3 � 2:11� 10�6 A90;0;iso

A90;0

� �2

þ 9:75 � 10�5

FM
� 2:70� 10�7 L=I � 35 ð7aÞ

8><
>:

bs1 ¼
0 L=I > 35

5:00� 10�6 A2
90;0;iso

max dh
dtj j0ð12HzÞ

� �2 þ 1:10� 10�1b2 � 1:38� 10�4 L=I � 35

8><
>: (8a)

The subscript 0 indicates the pre-fatigue
value for parameters that also have fatigue val-
ues. The subscript iso indicates the isometric fa-
tigue session value; otherwise, the general non-
isometric fatigue session value on the day of in-
terest is used. The subscripts 12 HZ and 50 HZ

identify the frequency used to generate that
pre-fatigue contraction. We noticed that bKm
and bs1 were not needed at the lowest load, 0
kg, but they were always needed at the highest
load, 9.08 kg. Because L/I decreased with
increasing load, we tested various values for L/I
that were less than those for the 0-kg load and
greater than those for the 9.08-kg load. The cut-
off value was approximately 35 kg�1 m�1.

Because we were able to express bA, bKm, bs1 as
functions of pre-fatigue parameters and measure-
ments, non-isometric fatigue measurements were
no longer needed to predict non-isometric fatigue.
The predicted values in all figures were obtained
using the b equations. All but 5 parameters (A90,
Km, s1, L/I, and FM) were identified in the isomet-
ric fatigue session. The remaining 5 parameters
were identified from pre-fatigue general non-iso-
metric measurements on the day of interest.

Both measured and predicted angular excur-
sion decreased over time as the total number of

contractions increased; the greater the load, the
greater the fatigue (Fig. 3). Predicted excur-
sion–time curves were within 1 standard devia-
tion of measured excursion–time curves. Statisti-
cal assessment of the predictive accuracy
through linear regression analysis pointed out a
limitation in comparing the different loads (Fig.
4). The results from the subject in Figure 4
clearly show that, although the r2 for 0 kg is
lower (0.56) than that for 9.08 kg (0.78), this
difference was primarily due to the narrower
range of values produced by 0 kg because of
minimal fatigue. At loads greater than 0 kg, the
average r2 for the first (development) and sec-
ond group of subjects indicates that the new
force–fatigue model accounted for 70–76% and
62–69% of the variability in angular excursion,
respectively (Fig. 5A). At 0 kg the model
accounted for 63% and 56% of the variability,
respectively. The model also accounted for 60–
68% of the variability in the angular velocity
(Fig. 5B). The approximate 0.13 difference in
the r2 between the 9-kg general non-isometric
and the isometric fatiguing contractions sug-
gested a small drop in accuracy when predicting
non-isometric contractions (P < 0.0305;
Fig. 5A).
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Although torque could not be measured
directly during the general non-isometric leg
extensions, it could be predicted by the model,
and therefore the loss in power and work over
time could be predicted. In general, the greater
the load, the greater the difference between the

initial and final maximum power and total work
(Figs. 6 and 7), with the 9.08-kg load showing an
84% loss in power and work. The percent decline
in angular velocity at maximum power tended to
be greater than the corresponding torque (P ¼

FIGURE 3. Measured (Ms) and predicted (Pr) load-dependent reduction in relative angular excursion during fatiguing contractions. Ev-

ery fifth 33CFT is shown for the model development subjects (A) and for the model validation subjects (B). Contractions are normal-

ized to the first contraction. Predicted contractions are within 1 standard deviation of the measured contractions (not shown due to

congestion; i.e., standard deviations crossed adjacent means for some loads).

FIGURE 4. Plots of predicted (Pr) vs. measured (Ms) angular

excursion from 1 subject (model development) for the 0- and

9.1-kg loads. Note that the r2 for 9.1 kg is higher than that for 0

kg, primarily because 9.1 kg produces greater fatigue over

time; that is, 9.1 kg has a wider range of values. Each pair of

50CFT and 12.5VFT testing trains was followed by 13 33CFT

fatiguing trains (14 sets of 15 or a total of 210 contractions per

load). Row 2 is the linear regression analysis. Both a fixed

slope of unity and a y-intercept of 0 were used, because this is

the ideal relationship between measurement and prediction. Ini-

tial force model parameters for the 0- and 9.1-kg loads, respec-

tively, were: A90 ¼ 1.28 and 1.24 N/ms; Km ¼ 1.51e-01 and

1.70e-01; s1 ¼ 47.8 and 41.9 ms; s2 ¼ 20.0 ms, sc ¼ 20 ms; R0

¼ 2; a ¼ �4.67e-04 deg�2; b ¼ 4.26e-02 deg�1; V1 ¼ 5.07e-01

N/deg2; V2 ¼ 2.70e-02 deg�1; L/I ¼ 67.0 and 9.62 kg�1 m�1;

FM ¼ 60.0 and 52.6 N. Fatigue model parameters were: sfat ¼
95.4 s; aA ¼ �2.82e-07 ms�2; aKm ¼ �4.25e-08 ms�1 N�1; as1
¼ 3.65e-05 N�1; bA ¼ �3.83e-07 and �7.41e�10 ms�1 deg�1;

bKm ¼ 7.81e-07 and 3.36e-06 deg�1 N�1; bs1 ¼ 3.31e-05 and

2.52e-04 ms deg�1 N�1.

FIGURE 5. Average linear regression coefficients of determina-

tion (r2; 695% confidence limit; n of black bars ¼ 9–10 sub-

jects, n of gray bars ¼ 7 subjects) for predicted vs. measured

angular excursion (A) and velocity (B) at different loads for all

contractions (50CFT, 12.5VFT, and 33CFT). Also, the r2 for pre-

dicted vs. measured isometric torque–time integral at 90� (iso)

is shown for comparison. Black bars—data from these subjects

used to develop b equations; gray bars—new subjects. w2—

compared with 4.5 and 6.4 kg and with isometric (P < 0.038);

w1—compared with 9.1 kg and isometric (P < 0.012); w0—com-

pared with isometric (P < 0.031).
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0.006); however, at any given load, the difference
was not significant (Fig. 6).

DISCUSSION

The objectives of our study were to: (1) develop a
model of non-isometric fatigue for electrical stimu-
lation–induced, open-chain, repeated extensions of
the leg at the knee; and (2) experimentally vali-
date the model. The first objective was accom-
plished by adding angular velocity, modified by a
parameter, b, to the equations for A, Km, and s1 in
the isometric fatigue model11 [eqs. (4), (6)–(8)],
so that the new equations are driven by force, such
as in Ding and co-workers’ isometric fatigue
model,11,19,23 and power representing the addi-
tional fatigue generated by performance of work.
The three new parameters, bA, bKm, and bs1, were
functions of pre-fatigue parameters and pre-fatigue
measurements. Non-isometric fatigue measure-
ments were not needed to predict non-isometric
fatigue. In total, all but 5 parameters (A90, Km, s1,
L/I, and FM), from both the force and fatigue
models, were identified from measurements col-
lected on the day of the isometric fatigue session.
The remaining 5 parameters were identified from
pre-fatigue, free-swing measurements on the days
of the non-isometric fatigue sessions.

Because 14 of the 19 parameters for each sub-
ject were identified in one testing session (the iso-
metric fatigue session), and because non-isometric
fatigue measurements were not needed to predict
non-isometric fatigue (bA, bKm, and bs1 equations
require pre-fatigue measurements), essentially all
of our free-swing fatigue measurements experimen-
tally validated the model (the second aforemen-
tioned objective; Figs. 3 and 5). However, 10 of the
subjects with loads of 0, 4.54, and 9.08 kg and one

type of fatigue stimulation protocol were used to
develop the b equations. Therefore, the results for
loads 1.82 and 6.36 kg from those same 10 subjects
and the results for loads of 0, 4.54, and 9.08 kg
from 7 new subjects using a different type of
fatigue stimulation protocol better demonstrated
the predictive accuracy of the model (Figs. 3 and
5). The new force–fatigue model accounted for at
least 60% of the variability in the angle and angu-
lar velocity during the free-swing fatiguing leg
extensions (Fig. 5).

The predictive ability of our new non-isometric
force–fatigue model is not as high as that of our
isometric force–fatigue model. Because there is no
experimentally validated model in the literature
that can predict non-isometric fatigue in humans,
we compared our non-isometric predictions to our
isometric predictions. The isometric force–fatigue
model used in this study accounted for 83–87% of
the variability in the TTI when fit to the measure-
ments (Fig. 5A) and at least 75% of the variability
in the TTI when predicting the measurements
from our recently published study on the effect of
muscle length on fatigue.19 Although the non-iso-
metric force–fatigue model accounted for more
than 60% of the variability in the TTI when

FIGURE 6. Percent decline in predicted maximum (Max) power,

and predicted angular velocity (Vel) and torque (Torq) at maxi-

mum power (mean 6 SD; n ¼ 9–10 subjects; only 33CFT).

The average of the last 8 contractions was used as the final

value when estimating percent decline. w2—compared with 0,

1.8, 4.5, and 6.4 kg (P < 0.017, note: P ¼ 0.068 for max power

9.1 vs. 6.4 kg); w1—compared with 0 and 1.8 kg (P � 0.006);

w0—compared with 0 kg (P < 0.001).

FIGURE 7. Predicted excursion (A), work (B), and torque time

integral (TTI) (C) (mean 6 SD; n ¼10 subjects; 33CFT). Iso-

metric torque time integral (iso) is shown for comparison. Gray

bars—first contraction; black bars—average of last 8 contrac-

tions. e—compared with first contraction (P < 0.0001); w1—

compared with 0 and 4.5 kg (P � 0.037); w0—compared with 0

kg (P � 0.018).
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predicting the measurements, this was about 15%
less than that accounted for by the isometric
force–fatigue model. Several factors may account
for the 15% difference between the r2 values for
the isometric and non-isometric fatigue
predictions:

1. Although electrodes were positioned such that
the torque–time curves were nearly textbook at
three isometric knee angles, the number and
types of muscle fibers recruited during each leg
extension and from day-to-day during the non-
isometric fatigue sessions may not have been as
consistent as they were for the isometric session.
This is because the leg was free to move, allow-
ing for greater movement of the quadriceps
muscles relative to the electrodes.

2. During isometric leg extensions, the leg
remained in the sagittal plane. During free-
swing leg extensions the leg may have moved
out of the sagittal plane, especially as it fatigued,
even though electrode placement attempted to
minimize non-extension movements.

3. We manually stopped and released the leg after
each fatiguing extension by using our hands.
Sometimes the stop and resting positions were
not identical and, occasionally, we released im-
mediately after the next train started, rather
than beforehand. This would have altered the
velocity of that leg extension.

4. Although the muscles were potentiated just
prior to every test to minimize this confounding
factor, additional potentiation still occurred at
the beginning of the fatigue protocol, especially
at the lowest loads (Fig. 3). We could not elimi-
nate this additional potentiation completely and
still use the same protocol for all loads without
initiating fatigue at the highest loads.

Our experimental results are similar to those of
Lee and co-workers, who investigated the effects of
load on fatigue during electrically stimulated leg
extensions in humans.27 Both the percent decline
in excursion and the initial work performed at the
low loads (Figs. 5A, 6, and 7B)27 in their study
were comparable to our results (Figs. 3A and 7A,
B). The percent decline in power and work in
their study were different from our results for at
least two reasons. First, their fatiguing trains were
40CFT, 0.15 second in duration. Our fatiguing
trains were 33CFT, approximately 0.15–1 second in
duration, depending on the load applied and on
the subject. Our train duration was set to produce
a constant initial excursion at all loads (Fig. 7A),
whereas their initial excursion decreased with
increasing load (Fig. 7A in their investigation).
Our goal was to generate as much fatigue as possi-

ble at each load without changing the stimulation
frequency, amplitude, or pulse duration. There-
fore, we used as large a range in excursion as pos-
sible between the initial pre-fatigue value and the
final fatigue value to help develop a fatigue model
that could easily differentiate between several dif-
ferent loads. As a result, the difference in fatigue
between the loads in our study was a result of both
the load itself and the train duty cycle, such that
the highest load had the highest train duty cycle
and the greatest fatigue. A second reason for the
differences in percent decline in power and work
between our two studies is that they used a dyna-
mometer, set in the isotonic mode, to mimic the
application of a constant load, and to record knee
angles. We applied weights and attached an elec-
trogoniometer to a free-moving leg. The response
time of the dynamometer is likely slower than that
of the leg. The electrogoniometer detects changes
in the knee angle even when this change does not
affect the position of the dynamometer arm.

Our new non-isometric force–fatigue model
could be useful to scientists researching the etiol-
ogy of non-isometric peripheral fatigue at the mus-
cle level.2–5 Our model can predict force in testing
situations where force cannot be measured easily,
such as during general non-isometric leg exten-
sions (Figs. 6 and 7). This would allow investigators
to predict losses in both force and velocity (Fig. 6)
during various testing conditions. Power is deter-
mined not only by the number and force of the
strongly bound cross-bridges but also by the rate of
cross-bridge cycling.1 Because fatigue is task-de-
pendent,28 quantitative comparisons between the
relative loss of isometric force, non-isometric force,
and velocity would help decipher the etiology of
non-isometric fatigue.2–5

The non-isometric force–fatigue model also
could be useful to scientists and engineers who are
working to improve the task performance of FES
systems.29–32 The non-isometric force model was
used in a previous study32 to predict a unique stim-
ulation pattern for each subject to achieve the
desired trajectory. The stimulation pattern chosen
initially, prior to fatigue, may become less ideal as
the muscle fatigues, no longer allowing the subject
to achieve the same trajectory.30 Therefore, the
non-isometric fatigue model must be used in con-
junction with the non-isometric force model to
continually predict new stimulation patterns over
time so that the subject can achieve the desired
trajectory repeatedly. Because this non-isometric
force–fatigue model will be able to generate sub-
ject- and task-specific stimulation patterns that will
maintain a desired force and motion for a desired
length of time, it has the potential for use as a
feed-forward model in FES systems.33 If a system
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either does not use a feed-forward model or
requires faster real-time output, then this model
could be used to test the performance of the sys-
tem prior to patient use. The model could gener-
ate a series of task-specific optimal stimulation
patterns, and these patterns could be compared
with the real-time FES system selections to opti-
mize the system.

The clinical significance of our non-isometric
force–fatigue model cannot be determined until
further work is done on paralyzed subjects, in
whom fatigue resistance will be affected by the
extent of muscle atrophy34 and fiber-type transfor-
mation,35 which can vary considerably from person
to person.36 The isometric force model has been
shown to perform equally well for both able-bod-
ied and SCI-injured subjects. It required only
minor modifications of the procedure used to
identify the parameter values.37,38 The non-isomet-
ric force–fatigue model may be equally robust. It
may require only minor modifications, but this
remains to be demonstrated.

Because able-bodied subjects were tested in our
study, there is a small chance that volitional con-
tractions occurred during stimulation. However, it
is unlikely that volitional contractions, if present,
substantively affected our results. The force–fatigue
model has been shown to successfully predict fa-
tigue in response to different frequencies and
pulse patterns for numerous subjects over many
years.11,21,23,38,39 This indicates that the signal-to-
noise ratio has been high, where here the stimu-
lated contractions corresponded to the signal and
the volitional contractions corresponded to the
noise. In all cases, several testing sessions were per-
formed on each subject, and each session was sepa-
rated by 48 hours.

Two existing mathematical models, one of non-
isometric force and the other of isometric fatigue,
were used to develop the non-isometric force–fa-
tigue model. Angular velocity and three new pa-
rameters (bA, bKm, and bs1) were added to the iso-
metric fatigue model to account for power
produced during the contractions. The new fatigue
model parameters were solely functions of the
force model parameters, and therefore measure-
ments of non-isometric fatigue are not needed to
predict non-isometric fatigue. More than 60% of
the variability in the measurements was explained
by the new force–fatigue model. This new non-iso-
metric force–fatigue model can be used by scien-
tists to research the etiology of non-isometric fa-
tigue and by scientists and engineers to improve
the task performance of FES systems.
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