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Virtual Axis Finder: A New
Method to Determine the Two
Kinematic Axes of Rotation for
the Tibio-Femoral Joint
The tibio-femoral joint has been mechanically approximated with two fixed kinematic
axes of rotation, the longitudinal rotational (LR) axis in the tibia and the flexion-
extension (FE) axis in the femur. The mechanical axis finder developed by Hollister et al.
(1993, “The Axes of Rotation of the Knee,” Clin. Orthop. Relat. Res., 290, pp. 259–268)
identified the two fixed axes but the visual-based alignment introduced errors in the
method. Therefore, the objectives were to develop and validate a new axis finding method
to identify the LR and FE axes which improves on the error of the mechanical axis finder.
The virtual axis finder retained the concepts of the mechanical axis finder but utilized a
mathematical optimization to identify the axes. Thus, the axes are identified in a two-step
process: First, the LR axis is identified from pure internal-external rotation of the tibia
and the FE axis is identified after the LR axis is known. The validation used virtual
simulations of 3D video-based motion analysis to create relative motion between the
femur and tibia during pure internal-external rotation, and flexion-extension with coupled
internal-external rotation. The simulations modeled tibio-femoral joint kinematics and
incorporated 1 mm of random measurement error. The root mean squared errors (RM-
SEs) in identifying the position and orientation of the LR and FE axes with the virtual
axis finder were 0.45 mm and 0.20 deg, and 0.11 mm and 0.20 deg, respectively. These
errors are at least two times better in position and seven times better in orientation than
those of the mechanical axis finder. Variables, which were considered a potential source
of variation between joints and/or measurement systems, were tested for their sensitivity
to the RMSE of identifying the axes. Changes in either the position or orientation of a
rotational axis resulted in high sensitivity to translational RMSE (6.8 mm of RMSE per
mm of translation) and rotational RMSE (1.38 deg of RMSE per degree of rotation),
respectively. Notwithstanding these high sensitivities, corresponding errors can be re-
duced by segmenting the range of motion into regions where changes in either position or
orientation are small. The virtual axis finder successfully increased the accuracy of the
mechanical axis finder when the axes of motion are fixed with respect to the bones, but
must be used judiciously in applications which do not have fixed axes of rotation.
�DOI: 10.1115/1.4000163�
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Introduction
Modeling knee kinematics has been heavily studied in the bio-
echanics literature because it aids in clinical diagnostics �1–4�,

elps understand sport injury mechanisms �5,6�, and is essential in
eveloping new joint prosthetics and arthroplasties �3,7–9�. Fur-
hermore, modeled kinematics have been shown to be sensitive to
he selection of the rotational axes �10–14�, so the position and
rientation of joint rotational axes must be accurately determined
o properly model joint kinematics. Accordingly, it is important to
evelop an accurate method of defining a rotational axis model
nder a variety of conditions.

Several methods for defining rotational axes have been de-
cribed in the literature, however each has its limitations. One
ethod for finding the axes is a mechanical axis finder, however,

here is an error of 1 mm in translational positioning and 1.5 deg
n rotational positioning �15�. A second method used the com-
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pound hinge model �16�, however the mathematical description of
the technique was too limited to evaluate the reliability of the
method. A third method found two rotational axes from coupled
rotations in the ankle �4�, but the technique has not been applied
to the knee. While this technique accurately identifies the ankle’s
rotational axes, it requires at least 25 deg of rotation to occur
about both axes simultaneously, which is not applicable to the
knee joint because of the limited internal-external rotation during
bending. Thus, there remains a need for a quantitative and math-
ematically clear method of determining the two rotational axes in
the tibio-femoral joint.

The application of the mechanical axis finder showed that de-
coupling the flexion-extension and internal-external rotations of
the knee joint during bending is a viable method of identifying
and describing knee kinematics �15�. However, the major source
of error in this technique was the visually-based alignment of the
axis finder to the rotational axes. Thus, one objective was to ren-
der the axis finder concept more objective by creating a virtual
axis finder that utilizes a mathematical optimization in conjunc-
tion with simulated experimental data which are representative of
tibio-femoral kinematics reported in the literature to identify the

flexion-extension �FE� and longitudinal rotation �LR� axes. By
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hanging the implementation of the axis finder from being a
isually-based procedure to being a mathematical optimization,
ur goal was to improve the error.

A second objective was to validate the virtual axis finder. A
umber of variables, such as random error in the kinematic data
nd range of internal-external rotation may differ between mea-
urement modalities and/or condition of the knee. Because these
ariables can affect the accuracy of the method, it was of interest
n the validation to conduct a sensitivity analysis for each variable
sing the bias, precision, and root mean square �rms� of the error
n locating the LR and FE axes as dependent variables.

Methods
Although the validation of the method presented here was per-

ormed virtually, the method was developed to be applied specifi-
ally to a tibio-femoral joint. Therefore, anatomic references and
gures are used here to guide the application of this virtual vali-
ation to an actual tibio-femoral joint. All points, coordinate sys-
ems, and motions were created virtually such that they repre-
ented the anatomy and kinematics of an actual tibio-femoral
oint.

The virtual axis finder mimics the methodology of the mechani-
al axis finder �15� by identifying the LR and FE axes in a two-
tep process. The first step identifies the LR axis from pure
nternal-external rotation of the tibia at several flexion angles. The
econd step identifies the FE axis from unconstrained flexion-
xtension with coupled internal-external rotation. Because the LR
xis is already identified, the coupled internal-external rotation
hich occurs with flexion-extension can be mathematically elimi-
ated.

To increase the accuracy over that of the mechanical axis find-
ng method, the visual-based alignment of the mechanical pin to
he axes was eliminated and replaced with a mathematical optimi-
ation. Thus, custom software was created which utilizes the input
f 3D video-based motion analysis data of the internal-external
otation and unconstrained flexion-extension, and outputs an opti-
ized location of the axes �Fig. 1�.
To validate this custom software, simulated 3D video-based
otion analysis data were created with a virtual 2 degree-of-

reedom kinematic model of the tibio-femoral joint. The model
onsisted of two nonintersecting, perpendicular, fixed axes of ro-
ation �15,16� and a set of four markers fixed to each axis.
lexion-extension and internal-external rotations that were repre-
entative of tibio-femoral rotational kinematics reported in the lit-
rature were input into the model and the corresponding three-
imensional positions of the markers rotating about the axes were
utput. Random measurement noise was added to the marker data

ig. 1 Flow chart representing the sequence of steps for the
irtual axis finder
o make it realistic.

11009-2 / Vol. 132, JANUARY 2010
The derivation of the mathematical optimization utilizes the
following nomenclature: a position vector r expressed in coordi-
nate system a, from point 1 �p1� fixed in one body to point 2 �p2�
fixed in another body is expressed in Eq. �1�.

ra
p2/p1 = xa

p2/p1îa + ya
p2/p1ĵa + za

p2/p1k̂a �1�
To describe the relative motion, two coordinate systems were

established. The femoral anatomic coordinate system �F� was
fixed in the femur. The origin was situated at the midpoint be-

tween the medial and lateral epicondylar eminences with îF di-

rected anteriorly, ĵF directed medially, and k̂F directed proximally.
A similar anatomical coordinate system was fixed in the tibia �T�
with the origin situated at the midpoint between the medial and
lateral tibial eminences. Both coordinate systems were known at
each instant in time in a global coordinate system �G�.

2.1 Virtual Axis Finder. The virtual determination of the
axes was based on the premise that a rotational axis can be defined
by two points fixed in a rotating body, which do not move with
respect to the other body. Finding two points on the LR axis �LR1
and LR2� required a nonlinear optimization and an error function
�E� which quantified the total relative motion between a point in
the tibia �l� and the origin of the femoral anatomic coordinate
system �Fo� �Eq. �2��. When any point on the LR axis is selected,
ELR goes to zero; therefore, Eq. �2� was minimized two separate
times in MATLAB’s nonlinear least-squares function to identify the
coordinates of two points: LR1 and LR2 in T. Because there are
an infinite number of points which exist along the rotational axis,
the search spaces for LR1 and LR2 were constrained to two par-

allel planes: the îTĵT-plane approximately aligned with the tibial

plateau �zT=0 cm�, and the îTĵT-plane 15 cm distal to the plateau
�zT=−15 cm�, respectively. The total number of data points col-
lected throughout internal-external rotation is represented by n,
and the mean value of a variable for n data points is indicated with
a bar.

ELR =�1

n�
i=1

n

���xF
l/Fo�i − x̄F

l/Fo�2 + ��yF
l/Fo�i − ȳF

l/Fo�2� �2�

The vector from LR2 to LR1 in T �rT
LR1/LR2� marked the position

of the LR axis �Fig. 2�. The full derivation of the error function
can be found in the Appendix.

To identify the FE axis, two points fixed in the femur �FE1 and
FE2� which did not move with respect to the tibia had to be
identified. However, it was not possible to search from any ran-
dom point fixed in the tibia because of the natural internal-
external rotation, which occurs during flexion-extension �15–17�.
To eliminate the movement of the selected point during the
coupled rotations, the position vectors utilized in the error func-
tions were from a point on the LR axis to two points fixed in the
femur. Because the tibia’s coordinate system rotates relative to the
femur, the components of the vector are constantly shifting when
a point on the FE axis is selected; however, the magnitude of the
vector remains constant. Thus, the error function EFE used to de-
termine two points on the FE axis from natural flexion-extension
coupled with internal-external rotations utilized the change in the
magnitude of a vector from a point on the LR axis �LR� to a point
�f� fixed in the femur �Eq. �3��. The search spaces for FE1 and

FE2 were confined to two parallel planes: the îFk̂F-plane contain-
ing the medial epicondylar eminence �yF=−5 cm�, and the

iFk̂F-plane containing the lateral epicondylar eminence �yF

=5 cm�, respectively �Fig. 3�. Here, n indicates the total number

of data points collected throughout flexion-extension.

Transactions of the ASME
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EFE =�1

n�
i=1

n

��rT
f/LR�i − �rT

f/LR��2 �3�

he vector from the medial point on the FE axis �FE1� to the
ateral point on the FE axis �FE2� in F �rF

FE2/FE1� marked the
osition of the FE axis. The full derivation of the error function is
n the Appendix.

Because rT
LR1/LR2 and rF

FE2/FE1 were described in anatomically
elevant coordinate systems, the orientations of the axes were de-
cribed with clinically relevant projection angles onto anatomical
lanes and the positions were described by coordinates of the
ntersection of the axis with the plane containing the coordinate
ystem origin. The orientation of the LR axis was defined with the

rojection angle of rT
LR1/LR2 onto the îTk̂T-plane �flexion-

ig. 2 A schematic shows the coordinate systems used to de-
ermine the LR axis of rotation „line from LR1 to LR2…. From the

otion that resulted from an applied internal-external rota-
ional moment on the tibia, two points „LR1,LR2… were identi-
ed in the tibia that did not move with respect to the femur: LR1

s constrained to a plane in the tibia which was adjacent to the
ibial plateau, and LR2 is constrained to a plane in the tibia
istal to the tibial plateau. Fo is the origin of the femoral ana-

omic coordinate system which is fixed in the femur. To is the
rigin of the tibial anatomic coordinate system fixed in the
ibia.

ig. 3 A schematic represents the coordinate systems used to
etermine the FE axis of rotation „line from FE1 to FE2…. With
n applied flexion-extension rotation of the femur, the tibia will
aturally internally and externally rotate. Therefore, the search

or two position vectors whose magnitudes do not change dur-
ng the rotation was initialized from a point on the LR axis
LR1…. The search for the first point, FE1, is constrained to a
lane fixed in the femur which contains the medial epicondylar
minence. The search for the second point, FE2, is constrained
o a plane fixed in the femur which contains the lateral epi-
ondylar eminence. Fo is the origin of the femoral anatomic
oordinate system which is fixed in the femur. To is the origin

f the tibial anatomic coordinate system fixed in the tibia.

ournal of Biomechanical Engineering
extension orientation� and ĵTk̂T-plane �varus-valgus orientation�.
The anterior-posterior �xT

LR1/To� and medial-lateral �yT
LR1/To� com-

ponents of rT
LR1/To defined the position of the LR axis. Similarly,

the orientation of the FE axis was defined by the projection angle

of rF
FE1/FE2 onto the îFĵF-plane �internal-external orientation� and

iFk̂F-plane �varus-valgus orientation�. The point midway between
FE1 and FE2 was utilized to describe the position of the FE axis
because this point lies in the sagittal plane that contains the origin
of the femoral coordinate system. Therefore, the medial-lateral

�y
F

�FE1+FE2�
2

/Fo� and proximal-distal �z
F

�FE1+FE2�
2

/Fo� components of

the vector from Fo to the midway point �r
F

(FE1+FE2)
2

ÕFo� defined
the position of the FE axis. Thus, there were four clinically rel-
evant dependent variables that described the orientation and posi-
tion of each axis.

2.2 Validation. The virtual axis finder was validated with
simulated kinematic data. The simulations were performed in MAT-

LAB 7.4.0. Initially, a simulation was performed on a baseline set of
conditions which represented tibio-femoral kinematics that are re-
ported in the literature. Several of these baseline conditions were
selected for a sensitivity analysis because they are a potential
source of variation, either from knee to knee, or from varying
measurement modalities �Table 1�.

2.2.1 Baseline Model. The simulations were created under the
assumption that 3D video-based motion analysis was used for
kinematic data collection. Two sets of four reflective markers
were rigidly mounted to the femur and tibia. Each set of markers
formed a Cartesian coordinate system with marker 1 defining the
origin, marker 2 defining the x-axis, marker 3 defining the y-axis,
and marker 4 defining the z-axis. Markers 2–4 were situated 5 cm
from marker 1 along their respective axial directions.

The initial positions of the rotational axes were defined with
respect to the global coordinate system. Two rotational axis coor-
dinate systems were established: one in the tibia �Ta� and one in

the femur �Fa�. The LR axis was defined as k̂Ta, ĵTa was oriented

medially, and îTa was oriented anteriorly. The origin was situated
on the midpoint between the medial and lateral tibial eminences.

The FE axis was defined as ĵFa, îFa was oriented anteriorly, and

k̂Fa was oriented proximally. The origin was situated at the center
point between the medial and lateral epicondylar eminences. The
LR axis was positioned perpendicular to the FE axis in the coronal
plane but nonintersecting by 1 cm posterior �15,16�.

The tibial and femoral markers were virtually mounted with
respect to the Ta and Fa coordinate systems, respectively. Tibial
marker 1 was positioned 10 cm distal and 5 cm medial from the
tibial origin. Femoral marker 1 was positioned 15 cm proximal
and 5 cm medial from the femoral origin.

The simulated data provided the motion of the two marker sets
in the global coordinate system. A normally distributed random

Table 1 The test variables and their ranges which were exam-
ined in the validation of the virtual axis finder

Variable Range Increments
Baseline

conditions

Standard deviation of random
error �mm� 0–10 1 1
Range of internal-external
motion �deg� 5–45 5 20
Translation of LR axis �mm� 0–20 5 0
Rotation of LR axis �deg� 0–5 1 0
Error in LR1 �xT

LR1/To ,yT
LR1/To�

�mm, mm� �0, 0�–�20, 20� �5, 5� �0, 0�
error term with zero mean was independently incorporated into

JANUARY 2010, Vol. 132 / 011009-3
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ach marker’s data �18�. The precision was set conservatively to 1
m �19,20�.
The range of motion that was simulated was selected from the

iterature. Pure internal-external rotation under a small applied
orque �3 N m� was simulated with 20 deg of internal-external
otation �21�. Natural flexion-extension was simulated with 90 deg
f flexion and 15 deg internal rotation of the tibia, which occurred
uring the first 30 deg of flexion in a manner that emulated the
crew home mechanism �16,22,23�.

To verify that the global minimum was being determined with
he optimization algorithm, a pilot study was performed in which
he position of the LR axis was determined on the same set of
nternal-external rotational data for 100 iterations. For each itera-
ion, the error in the initial guess for the xT and yT components of
R1 and LR2 utilized in the optimization routine were indepen-
ently randomized with a uniform random number generator
from −20 mm to 20 mm�. The standard deviations of the opti-
ized position of LR1 and LR2 were determined to be 0.0010
m and 0.0013 mm, respectively. Thus, the optimization con-

erged to the global minimum. Because the position of the initial
uess was not a factor, the error in the initial guess was imple-
ented as a random variable ��2=10 mm, �=0� throughout the

alidation.
Pilot studies revealed a large sensitivity to the random error in

he marker positions. Therefore, rotational steps were simulated
uch that stepwise rotation was applied and held for a period of
ime. By averaging the position of the markers during each rota-
ional step, the random error input into the software was filtered
nd the resulting error was greatly reduced. It was determined that
oth the number of rotational steps and the number of data points
ollected during each step reduced the error in finding the axes.
he condition that was selected as the baseline condition for pure

nternal-external rotation of the tibia was five rotational steps �4
eg of rotation per step� with 500 data points per step �RMSE
qual to 0.21 deg and 0.45 mm�. The condition selected for natu-
al flexion-extension of the tibia was 15 rotational steps �6 deg of
otation per step� with 500 data points collected per step �RMSE
qual to 0.20 deg and 0.11 mm�. These parameters were utilized
ecause the RMSE values for the two motions were minimal and
n increase in rotational steps did not provide a proportionate
eduction in error. Furthermore, the parameters could be reason-
bly applied to the actual range of motions expected.

For each condition that was simulated, a new randomized data
et and randomized initial guess were recreated for 100 iterations.
n error �ei� was determined for each result from

ei = actual-measuredi �4�

o quantify the accuracy of this method, the bias or average error,
recision or random error, and RMSE were determined over all
00 iterations within each test condition. The resulting error terms
or the two projection angles were statistically pooled together to
rovide the overall rotational error, and the two translational vari-
bles were statistically pooled together to provide the overall
ranslational error.

2.2.2 Test Conditions. Because the amount of random error in
he kinematic data can vary from one system to the next �20�, it
as important to determine the sensitivity of the method to the

andom error. Therefore, the standard deviation of the random
rror term was varied from 0 mm to 10 mm in 1 mm increments
o quantify the software’s sensitivity to the random measurement
rror.

The amount of pure internal-external rotation of the tibia can
ary greatly from knee to knee �21�. Therefore, it was important to
nderstand how the range of motion impacts the accuracy of this
ethod. The error in finding the LR axis was determined from 5

eg to 45 deg of internal-external rotation in 5 deg increments.
Although this method assumes that the axes of rotation are

xed in the bone, this may not be a perfect assumption �16�.

herefore, it was important to quantify the error in determining

11009-4 / Vol. 132, JANUARY 2010
the axis of rotation when an axis is not perfectly fixed in the bone.
This was quantified under two separate conditions: translation and
rotation of the LR axis. Pilot studies revealed that the direction of
translation and/or rotation did not affect the magnitude of the
errors; therefore, only one translational direction and one rota-
tional direction were studied. To quantify the error from translat-
ing an axis of rotation, the instantaneous position of the LR axis

was translated along the initial orientation of îTa. The magnitude
of the translation ranged from 0 mm to 20 mm of translation in 5
mm increments. To quantify the error from rotating the axis of
rotation, the instantaneous orientation of the LR axis was rotated

about the initial orientation of îTa. The rotation of the axis’ orien-
tation ranged from 0 deg to 5 deg of rotation in 1 deg increments.
The translations and rotations of the LR axis were proportionately
distributed throughout the 20 deg of internal-external rotation. The
error term was calculated by subtracting the measured axis from
the average position and orientation of the axis.

Because this method requires that the LR axis is determined
before the FE axis can be determined, any error in the LR axis
could be propagated when determining the FE axis. Therefore, the
error in the FE axis was quantified after errors in the position of
LR1 were implemented. An error term was incorporated into the
xT

LR1/To and yT
LR1/To components of the vector rT

LR1/To in Eqs.
�A13� and �A14�, and the resulting error in the FE axis was quan-
tified. The error term was varied from 0 mm to 20 mm in 5 mm
increments.

3 Results
The rotational and translational RMSE for the orientation and

position of the LR axis at the baseline conditions �Table 1� were
0.21 deg and 0.45 mm, respectively. The rotational and transla-
tional RMSE of the orientation and position of the FE axis at the
baseline conditions �Table 1� with 90 deg flexion and 15 deg of
coupled internal rotation were 0.20 deg and 0.11 mm, respec-
tively.

Increasing the standard deviation of the random error term lin-
early increased the rotational and translational RMSE of the ori-
entation and position of the LR axis at a rate of 0.20 deg of RMSE
per mm of random error �R2=0.994� and 0.45 mm of RMSE per
mm of random error �R2=0.997�, respectively. The precision in-
creased at a similar rate while the bias was negligible �Fig. 4�.

The rotational and translational RMSE of the LR axis decreased
quadratically as the range of motion increased. With 20 deg of
rotation, the rotational and translational RMSE dropped to 0.21
deg and 0.45 mm, respectively. The bias was negligible �Fig. 5�.

Translating and rotating the axis of rotation throughout the 20
deg range of internal-external rotation caused the most drastic
impact on the RMSE of the LR axis. Furthermore, it was the bias
which predominantly caused the increase in RMSE rather than the
precision. Translating the axis of rotation caused a linear increase
in the translational RMSE error at a rate of 6.8 mm of RMSE per
mm of translation �R2=0.998�. The rotational RMSE remained
constant at approximately 0.2 deg, which is equivalent to the base-
line error for the LR axis stated above; therefore, this error was
considered negligible. Rotating the axis of rotation caused a linear
increase in the rotational error at a rate of 1.38 deg of RMSE per
degree of rotation �R2=1�. The translational RMSE remained con-
stant at approximately 0.4 mm, which is equivalent to the baseline
error stated above; therefore, this error was considered negligible
�Fig. 6�.

The error in determining the FE axis which results from an
input error in the position of LR1 was relatively low. The rota-
tional RMSE for determining the orientation of the FE axis in-
creased at a rate of 0.05 deg of RMSE per mm of error in the
position of LR1 �R2=0.971�. The translational RMSE was rela-
tively constant at approximately 0.12 mm, which is nearly equiva-
lent to the baseline error for the FE axis; therefore, this error was

considered negligible �Fig. 7�.

Transactions of the ASME
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Discussion
Kinematic models of the tibio-femoral joint aid in clinical di-

gnostics, sport injury mechanisms, and the development of pros-
hetics and arthroplasties. Because the accurate identification of
he rotational axes utilized in kinematic models can have a sig-
ificant affect on their applicability, the objectives of this work
ere to develop and validate a method to determine the kinematic

xes of rotation of the tibio-femoral joint. The virtual axis finder
as developed such that it utilized the concepts of the mechanical

xis finder �15� but eliminated the visual-based alignment method
y implementing a mathematical optimization. The validation of
he virtual axis finder provided several important indications of
his method’s capabilities. First, the errors in identifying the LR
nd FE axes of rotation with the virtual axis finder under param-
ters that represent expected physical conditions of a tibio-femoral
oint were 0.20 deg and 0.45 mm, and 0.20 deg and 0.11 mm,
espectively. Second, the only variable which had a nonlinear re-
ationship with the RMSE was the range of internal-external rota-
ion, which caused an exponential decrease in rotational and trans-
ational RMSE as the range of rotation increased. However, even
he highest errors reported with a small range of rotation were
atisfactory. Finally, the translation and rotation of the LR axis
ad the largest linear sensitivities with the translational and rota-
ional RMSE, respectively. Furthermore, the change in RMSE was

Fig. 4 The RMSE, precision, and bias in determi
increases. „A… The pooled rotational errors and „B
translational RMSE for the LR axis at the baselin
respectively.

Fig. 5 The RMSE, precision, and bias in identify
internal-external tibial rotation. „A… The pooled ro
rors. The rotational and translational RMSE for t

0.21 deg and 0.45 mm, respectively.

ournal of Biomechanical Engineering
predominantly due to an increased bias rather than the precision.
Thus, it is this variable which requires careful consideration.

There are several methods in the literature that identify the
kinematic axes of the tibio-femoral joint �15,16�. However, the
only method which reports errors in a manner that is comparable
to the baseline conditions examined here is the mechanical axis
finder. Hollister et al. �15� reported a 1 mm and 1.5 deg error in
identifying a single axis of rotation. Thus, the virtual axis finder
reduced the error in identifying the orientation and position of a
single axis of rotation by 55% and 86%, respectively.

Because knee joints have varying internal-external rotational
laxities �21�, it is important that this method is capable of accu-
rately identifying the LR axis from minimal amounts of internal-
external rotation. At full extension, the range of pure internal-
external rotation from a �3 N m torque can be as low as 10 deg
�21�. The results reported here indicate that with 10 deg of
internal-external rotation, the rotational and translational RMSE is
0.41 deg and 0.85 mm, respectively, which is less than the errors
reported for the mechanical axis finder �15�. Thus, the virtual axis
finder will identify the LR axis more accurately than the mechani-
cal axis finder despite the amount of internal-external rotational
laxity of each individual tibio-femoral joint.

This method was developed on the assumption that the axes of
rotation are fixed in the bone. Any translation and/or rotation of

g the LR axis as the random measurement error
e pooled translational errors. The rotational and
ndition of �=1 mm was 0.21 deg and 0.45 mm,

the LR axis which results from varying levels of
ional errors and „B… the pooled translational er-
LR axis at the baseline condition of 20 deg was
nin
… th

e co
ing
tat

he
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he rotational axis alters the motion of the markers in a plane
erpendicular to the rotational axis, and consequently changes the
pparent radius of curvature. This change in the radius of curva-
ure causes the optimized center point of that motion to shift,
esulting in a measurement bias. Hence, translation and rotation of
he LR axis caused the greatest increase in the bias and RMSE of
dentifying the LR axis. However, it is important to note that
iven a constant translation or rotation per degree of axial rota-
ion, the RMSE of identifying an unfixed axis of rotation is

Fig. 6 The RMSE, precision, and bias which resul
its position „A… and „B…, or orientation „C… and „D… d
error, and „B… and „D… the pooled translation errors
lent to the baseline RMSE for the LR axis. Thus, t
rather than the translation and/or rotation of the L

Fig. 7 The RMSE, precision, and bias for determ
was incorporated into the optimization. „A… The p
tional errors. Note that the nonzero rotational and
in the position of LR1 equates to the baseline erro

with 15 deg of internal rotation and a random error

11009-6 / Vol. 132, JANUARY 2010
smaller when there is a greater range of motion. Thus, the virtual
axis finder should be less sensitive to an unfixed FE axis of rota-
tion than reported here for the LR axis because this degree of
freedom has a larger range of motion than internal-external rota-
tion.

Because the assumption of fixed axes of rotation may not be
valid for every application and because this method is sensitive to
this assumption �Fig. 6�, it is important to have an alternative
approach for applications which may not have fixed axes. The

rom determining the position of the LR axis when
s not stay fixed. „A… and „C… The pooled rotational
te that the RMSE in „A… and „D… are nearly equiva-
error is due to the random error term in the data
xis.

g the FE axis after an error in the position of LR1
led rotational errors and „B… the pooled transla-
nslational RMSE reported for 0 mm of input error
r determining the FE axis given 90 deg of flexion
ts f
oe

. No
he
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inin
oo
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r fo
term „�=1 mm, �=0….
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irtual axis finder had a lower RMSE for small range of motion
Fig. 5� than for unfixed axes �Fig. 6�; therefore, the total range of
otion can be shortened or partitioned until the assumption of
xed axes is valid within the partitioned range of motion.
Another assumption used in this virtual validation concerns the

rientation that was established between the bone coordinate sys-
ems �F and T� that were defined by the global position of the
irtual markers and the coordinate systems utilized to establish the
otational axes �Fa and Ta�. For simplicity, these two coordinate
ystems were aligned such that the defined rotational axes, FE and
R, were collinear with one of the axes of F and T, respectively.

n practice, this will not be the case. Actual markers will not be
xed to the bones such that at least two markers are positioned
irectly on the rotational axis allowing the bone coordinate system
o align with the rotational axis. It is possible that when the bone
oordinate system is skewed from the orientation of the rotational
xis, the virtual axis finder will not be able to optimize the loca-
ion of the rotational axis with the same precision. However, if the
one coordinate system is redefined in an anatomically relevant
anner such that one axis is approximately aligned with the rota-

ional axis, then errors introduced from skewing the bone coordi-
ate system from the rotational axis can be reduced. Thus, three
natomic landmarks in each bone should be digitized with respect
o the bone markers to define the appropriate transformation from
he marker-based coordinate system to an anatomically-based co-
rdinate system. To approximately align an axis in each bone with
he corresponding rotational axes, the femoral coordinate system

ust be approximately aligned to the transepicondylar axis and
he tibial coordinate system must be approximately aligned with
he long axis of the tibia. Because these anatomic axes are ap-
roximately aligned with the FE and LR rotational axes respec-
ively �15,16�, the potential error introduced from bone markers
hat are skewed with respect to the rotational axes will be reduced.

The use of rotational steps, which were statically held for a
eriod of time at each angular position, introduces potential chal-
enges for implementing this method. Because it is important that
here is no motion during each rotational step, because the number
f steps utilized increases the accuracy of this method, and be-
ause there is limited range of motion for pure internal-external
otations, this method may require equipment which can control
he rotation of the specimens within 1 deg. Any motion which
ccurs during each step must be minimized and the rotation be-
ween each step should be proportionately spaced.

An important aspect of the virtual axis finder is the production
f pure internal-external rotation of the tibia about its LR axis.
everal methods can be used to accomplish this task in vivo and

n vitro. Hollister et al. �15� produced the internal-external rota-
ional moment manually to identify the LR axis. The accurate
etermination of the LR axis from this method was verified by
ttaching diodes to the LR axis and tracking their motion during
nconstrained flexion-extension. Because the diodes traced con-
entric circles in a plane perpendicular to the FE axis, it was
oncluded that the LR axis was accurately identified from the
anual rotation. Thus, manually applying an internal-external mo-
ent on the tibia should produce pure internal-external rotation

bout the LR axis with an accuracy which is similar to the results
eported for the mechanical axis finder. However, this motion can
e produced more precisely through the use of a load application
ystem which can apply an internal-external torque that has an
djustable orientation with respect to the tibio-femoral joint
24–26�. If a rotational torque is applied perfectly about the LR
xis of the tibia, then all anterior-posterior and medial-lateral
oupled translations of the joint should go to zero. Thus, by ad-
usting the rotational axis of the machine with respect to the tibia
ntil the coupled translations are minimized, pure internal-
xternal rotation can be produced �24�.

Although this validation simulated 3D video-based motion
nalysis as the measurement modality, the virtual axis finder can

e utilized with any three-dimensional kinematic measurement

ournal of Biomechanical Engineering
modality. For instance, electromagnetic sensors, roentgen ste-
reophotogrammetric analysis �RSA�, and CAD model-based
shape matching techniques all could be used to quantify the rela-
tive motion between the tibia and femur. Because this validation
assumed the markers were rigidly fixed to the bones, it is impor-
tant that the markers utilized in any application of this method are
also rigidly fixed in the bone. Therefore, 3D video markers and/or
electromagnetic markers are applicable primarily with cadaveric
specimens. Shape matching and RSA, on the other hand, could be
utilized in clinical studies.

The benefit of using 3D video markers or electromagnetic sen-
sors is that they can be rigidly fixed to the bones of cadaveric
specimens before any surgical alterations have been performed on
the joint. This enables tests to be performed on healthy, intact
specimens and those results compared with the same joint after an
alteration to that joint has occurred. For instance, a new surgical
alignment technique for total knee arthroplasty has recently been
developed and utilized �27�. This technique attempts to restore the
kinematic axes of the pre-arthritic tibio-femoral joint; however,
there is no data to support this claim. The virtual axis finder could
be utilized to determine how well this alignment goal is achieved
in cadaveric specimens.

Many applications of the virtual axis finder are possible with
kinematic data collected with CAD model-based shape matching
techniques. This technique superimposes the two-dimensional
shape of an implanted component on the two-dimensional shape
of that component in two separate radiographic or fluoroscopic
images �28–30�. By superimposing both images, the three-
dimensional position of that component and/or bone can be recon-
structed. Shape matching is commonly used to study the kinemat-
ics of total knee arthroplasties by shape matching the femoral and
tibial components �28,31,32�. Because the virtual axis finder uti-
lizes three points fixed in each bone to define two coordinate
systems and ultimately quantify the relative motion between the
bones, three identifiable points must be established in the femoral
and tibial components �33,34�. Thus the relative position and ori-
entation between the femoral and tibial components can be deter-
mined at proportionate intervals throughout internal-external rota-
tion, and unconstrained flexion to determine the rotational axes of
a knee after a total knee arthroplasty has been performed. One
application of the CAD model-based shape matching technique
and the virtual axis finder would be to compare the rotational axes
of the two alignment methods available for total knee arthro-
plasty: traditional mechanical axis alignment �35,36� and kine-
matic alignment �27�. Many patients have had bilateral total knee
arthroplasty �TKA� procedures: one knee with traditional me-
chanical axis alignment, and one knee with kinematic alignment.
Therefore, the virtual axis finder could be utilized on both knees,
and a comparison in the rotational axes between the two align-
ment methods could be obtained.

RSA also provides a unique set of applications with the virtual
axis finder. This technique utilizes small tantalum markers which
are rigidly inserted into a bone to track the three-dimensional
position of that bone from two simultaneous radiographic images
�37�. If the beads were inserted into a patient during surgery, then
postoperative rotational kinematics could be tracked with the vir-
tual axis finder by X-raying the bones at proportionate intervals
throughout the prescribed rotations. One application of RSA
would be to measure the change in the rotational axes over time
following an anterior cruciate ligament reconstruction. Because it
has been determined that the anterior cruciate reconstructions can
lengthen in the months following the reconstruction �38�, this
technique could be utilized to determine whether this lengthening
affects the position and/or orientation of the rotational axes.

By employing the methods developed by the mechanical axis
finder and implementing a mathematical optimization, the virtual
axis finder has advanced tibio-femoral kinematic modeling which
should prove useful in a variety of applications. The thorough

validation of this method in a virtual setting with respect to a
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ariety of factors reported here provides researchers with the abil-
ty to appropriately apply this method to their specific applica-
ions. An application of interest to our research group is to use the
irtual axis finder in a cadaveric study to quantify how well the
inematic axes are restored with TKA. We plan to perform this
tudy and report on this in a subsequent paper. Because the virtual
xis finder has the capability to quantify and compare the rota-
ional kinematics under a variety of knee conditions and with a
ariety of measurement modalities, it can become a useful tool in
he field of knee biomechanics.
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ppendix: Derivation of the Error Functions for the
irtual Axis Finder
The rotational and translational information which converts a

osition vector expressed in coordinate system 1 to a vector ex-
ressed in a coordinate system 2 �Eq. �A1�� is denoted by the
ransformation matrix �T2/1�. The transformation matrix �T2/1� is a
�4 matrix which contains a 3�3 rotational matrix �R2/1� and a
�1 displacement vector r2

O1/O2 �Eq. �A2��.

r2 = �T2/1� · r1 �A1�

�T2/1� = �
1 0 0 0

x2
O1/O2 î2 · î1 î2 · ĵ1 î2 · k̂1

y2
O1/O2 ĵ2 · î1 ĵ2 · ĵ1 ĵ2 · k̂1

z2
O1/O2 k̂2 · î1 k̂2 · ĵ1 k̂2 · k̂1

	 �A2�

The transformation matrices �TF/G�t and �TT/G�t were defined
y the kinematic data at each instant in time �t�. The inverse
atrix reverses the direction of the transformation �Eq. �A3��.
LR1� to a point fixed in the femur �Eqs. �A13� and �A14��.

11009-8 / Vol. 132, JANUARY 2010
�T2/1� = �T1/2�−1 �A3�
Therefore, the relative position of the femur with respect to the

tibia could be determined �Eq. �A4��.

�TF/T� = �TF/G� · �TT/G�−1 �A4�
The position of the LR axis is defined by two points fixed with

respect to T �Eqs. �A5� and �A6��.

rT
LR1/To = xT

LR1/ToîT + yT
LR1/ToĵT + zT

LR1/Tok̂T �A5�

rT
LR2/To = xT

LR2/TaîT + yT
LR2/TaĵT + zT

LR2/Tak̂T �A6�
Because it is the change in position of LR1 and LR2 with

respect to the femur throughout internal-external rotation that
must be minimized, the position vectors rT

LR1/To and rT
LR2/To must

be transformed from coordinate system T to coordinate system F
for each instant in time, t �Eqs. �A7� and �A8��. The subscript, t,
denotes that the variable changes with time.

rFt
LR1/Fo = �TF/T�t · rT

LR1/Fo = �xF
LR1/Fo�tîF + �yF

LR1/Fo�tĵF + �zF
LR1/Fo�tk̂F

�A7�

rFt
LR2/Fo = �TF/T�t · rT

LR1/Fo = �xF
LR2/Fo�tîF + �yF

LR2/Fo�tĵFa

+ �zF
LR2/Fo�tk̂F �A8�

LR1 and LR2 are positioned on the longitudinal rotational axis
when �rF

LR1/Fo�t and �rF
LR2/Fo�t do not change over time. Thus,

xT
LR1/To, yT

LR1/To, xT
LR2/To, and yT

LR2/To are iteratively adjusted until
the change in �xF

LR1/Fo�t, �yF
LR1/Fo�t, �zF

LR1/Fo�t, �xF
LR2/Fo�t, �yF

LR2/Fo�t,
and �zF

LR2/Fo�t is minimized. The error functions, ELR1 and ELR2,
quantify the change in �rFa

LR1/Fo�t and �rFa
LR2/Fo�t over time as a root

mean square error �Eqs. �A9� and �A10��. Here, n indicates the
total number of points collected during internal-external rotation.
ELR1 =�1

n�
i=1

n

���xF
LR1/Fo�i − x̄F

LR1/Fo�2 + ��yF
LR1/Fo�i − ȳF

LR1/Fo�2 + ��zF
LR1/Fo�i − z̄F

LR1/Fo�2� �A9�

ELR2 =�1

n�
i=1

n

���xF
LR2/Fo�i − x̄F

LR2/Fo�2 + ��yF
LR2/Fo�i − ȳF

LR2/Fo�2 + ��zF
LR2/Fo�i − z̄F

LR2/Fo�2� �A10�
ecause �xF
LR1/Fo�t, �yF

LR1/Fo�t, and �zF
LR1/Fo�t are each functions of

T
LR1/To and yT

LR1/To, ELR1 is minimized by adjusting xT
LR1/To and

T
LR1/To. Similarly, ELR2 is minimized by adjusting xT

LR2/To and

T
LR2/To.

The position of the FE axis is defined by two points �FE1 and
E2� which are fixed with respect to F �Eqs. �A11� and �A12��.

rF
FE1/Fo = xF

FE1/FoîF + yF
FE1/FoĵF + zF

FE1/Fok̂F �A11�

rF
FE2/Fo = xF

FE2/FoîF + yF
FE2/FoĵF + zF

FE2/Fpk̂F �A12�
Because it is the change in position of FE1 and FE2 with re-

pect to the tibia throughout flexion-extension that must be mini-
ized, the position vectors of FE1 and FE2 must be transformed

rom coordinate system F to coordinate system T for each instant
n time, t. Furthermore, because of the coupled internal-external
otation, the position vectors must go from a point on the LR axis
rTt
FE1/LR1 = �TT/F�t · rF

FE1/Fo − rT
LR1/To = �xT

FE1/LR1�tîT + �yT
FE1/LR1�tĵT

+ �zT
FE1/LR1�tk̂T �A13�

rTt
FE2/LR1 = �TaT/F�t · rF

FE2/Fo − rT
LR1/To = �xT

FE2/LR1�tîT + �yT
FE2/LR1�tĵT

+ �zT
FE2/LR1�tk̂T �A14�

For the case of coupled rotations, the components of the vectors
expressed in the tibial coordinate system will continue to change
even once a point on the rotational axis is selected because the
tibial coordinate system is rotating as well. Therefore, the magni-
tude of Eqs. �A12� and �A13� must be used for the error function.
Hence, FE1 and FE2 are positioned on the flexion-extension axis
when the magnitudes of �rT

FE1/LR1�t and �rT
FE2/LR1�t do not change

with time. Thus, xF
FE1/Fo, zF

FE1/Fo, xF
FE2/Fo, and zF

FE2/Fo are iteratively
adjusted until the change in �rT

FE1/LR1� and �rT
FE2/LR1� over time is

FE1 FE2
minimized. The error functions E and E quantify the
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hanges in �rT
FE1/LR1� and �rT

FE2/LR1� as a root mean square error
Eqs. �A15� and �A16��. Here, n is the total number of data
amples taken during flexion-extension of the tibia.

EFE1 =�1

n�
i=1

n

��rT
FE1/LR1�i − �r̄T

FE1/LR1��2 �A15�

EFE2 =�1

n�
i=1

n

��rT
FE2/LR1�i − �r̄T

FE2/LR1��2 �A16�

hus, EFE1 is minimized by adjusting xF
FE1/Fo and zF

FE1/Fo. Simi-
arly, EFE2 is minimized by adjusting xF

FE2/Fo and zF
FE2/Fo.
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